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Abstract

The purpose of this paper is to examine dynamgractions among interregional migration,
economic development and environmental change oretonomic foundation. The model describes
multi-regional economic growth with heterogeneous setwlds, and capital accumulation under
assumptions of profit maximization, utility maxiatian, and perfect competition. First, we simulate
the national economy of a three-regional economi Wimogeneous population. It is demonstrated
that when the production functions take on the Cobhghas form, the dynamics has a unique
equilibrium. Then we carry out comparative staticglgsis with regard to regions’ productivity and
amenity levels, the propensity to save, and theulptipn. The simulation results show that any
change in any region’s amenity or productivity mayprove or worsen some regions with regard to
some variables. We will also examine the dynamiest@b-region two-group economy.

Keywords: two-region growth model, capital accumulation eaity, heterogeneous households
JEL classification: D11; E24; E32; E37; F22; R11; R23

1. Introduction

Firms and households take regional differentialévimg conditions and productivity
into account in their locational decision-makindneTproductivity advantages of one region
may be offset to some extent by the higher wagas rifust be paid in a system where
people are free to choose where they work and Hgher wages are often associated with
some kinds of disamenities (such as noise, polistamd densely populated neighborhood)
and high living costs. Labor force, capital, knoside are main inputs of economic
production. Labor and capital are easily mobile ween regions in industrialized
economies. As capital mobility becomes high andscassociated with capital movement
among regions become low, it is reasonable to asghat capital movement equalizes rate
of interest between regions within a national econoBut there are different principles for
analyzing temporary equilibrium conditions for labmovement in a dynamic regional
framework. For example, in the theoretical literaton regional economics two principles
have been proposed to analyze labor movement. ®©rthat labor movement, if costs
associated with professional or locational changes neglected, equalizes wage rates
between regions. This assumption is limited ineelfy competitive national labor market if
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various regions provide different levels of amerfguch as regional cultures, climates and
pollution) and have different technologies. Theeotbne is that free movement of people
equalizes utility levels, which they may obtain different regions. Although this
assumption is reasonable for analyzing issuesetléd movement of people between
regions, the traditional approaches to consumeaviehin economic theory often make it
analytically intractable to properly model migratiavith regional differences in life styles
and wage rates. A reason is that it is difficultedcamine issues related to ownership of
resources and capital in a dynamic regional econdfwyage rates and life style (including
saving behavior) are regionally different and peoplay freely move within the economy,
how to calculate each individual's capital and lisome in a dynamic multi-regional
economy is not an easy matter. In this paper, veesthis issue by utilizing a utility
function recently used by Zhang (1998). In thisrappgh we assume that each household’s
preference structure over lot size, consumption amdlth is represented by the utility
function of the region where it chooses to live amakk at any point of timel. Zhang
(2005) has explained this approach and its relationtraditional approaches to consumer
behavior with endogenous saving in a recent boak.damonstrated systematically in
Zhang'’s recent book, this approach makes it pasdiblsolve many important (national)
economic problems, such as growth problems witlerbgeneous households, which are
analytically intractable by the traditional apprbes.

Regional dynamics of capital accumulation — not rtfention innovation and
environmental change - with profit-maximization amidlity maximization are so difficult
that few serious attempts have been made. Oneasbms for the lacking of theoretical
interest is that the traditional approaches to womes behavior will result in such a
complicated dynamic system that the behavior oktrstem becomes intractable. This paper
builds a dynamic one-commodity and multiple-regidrade model to examine
interdependence between regional trades and nhtgoath. We analyze trade issues
within the framework of a simple international maetonomic growth model with perfect
capital mobility. This model is influenced by theatlassical trade theory with capital
accumulation. Since the publication of Oniki ancaWda’s paper on theory of trade and eco-
nomic growth (Oniki and Uzawa, 1965), various tragedels with endogenous capital have
been proposed (e.g., Deardorff, 1973, Ruffin, 1%Adlay, 1984, Eaton, 1987, Brechet,
al., 2002, Sorger, 2003). It is well known that dynesmptimization models with capital
accumulation are associated with analytical diffies. To avoid these difficulties, this
study applies an alternative approach to consumleawior. It will be demonstrated that the
multi-region trade model with capital accumulatibkecomes much more analytically
tractable with the new approach to consumer behaBiat different from the international
trade models just referred, this paper developsodeinfor economic interactions among
regions. Different the international trade modelsere people are not allowed to move
spatially, this study allows people to be mobileoam regions. This paper is organized as
follows. Section 2 defines the multi-region modéihnwheterogeneous households and capi-

tal accumulation. Section 3 simulates the motiothef3-region national economy with a
homogeneous population. Section 4 examines theteffif changes in different regions’
amenity levels, productivity levels and residentiaéas, the national population, and the
propensity to consume upon the national economiowtir and regional economic
structures. Section 5 provides the procedure fonpading equilibrium of the two-region
and two-group economy. Section 6 concludes theystAgpendix proves the results in
Section 5.
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2. The multi-region trade model with capital accumiation

In describing economic production, we follow theodlassical trade framework. It is
assumed that the regions produce a homogenous atditgnisee, for instance, Ikeda and
Ono, 1992). Most aspects of production sectoraimnaodel are similar to the neo-classical
one-sector growth model (Burmeister and Dobell 19ttang, 2005). It is assumed that
there is only one (durable) good in the nationalneeny under consideration. Households
own assets of the economy and distribute theirrmeto consume and save. Production
sectors or firms use capital and labor. Exchangés tplace in perfectly competitive
markets. Production sectors sell their product twmskholds or to other sectors and
households sell their labor and assets to produdictors. Factor markets work well;
factors are inelastically supplied and the avaddhttors are fully utilized at every moment.
Saving is undertaken only by households, which iespthat all earnings of firms are
distributed in the form of payments to factors obdquction. We omit the possibility of
hoarding of output in the form of non-productivevémtories held by households. All
savings volunteered by households are absorbeidnby. f\We require saving and investment
to be equal at any point of time.

A person is free to choose his residential locatiie assume that any person chooses
the same region where he works and lives. Eactomefas fixed land. Land quality,
climates, and environment are homogenous withim eagion, but they may vary among
the regions. We neglect transportation cost of codities between and within regions. As
become evident later on, although it is concepyuadit difficult to introduce transportation
cost function and to provide balance conditions de@mand and supply and for price
equalization conditions with transportation cosg(eTakayama and Judge, 1971, Roy and
Johansson, 1993), the problem will become analigitao complicated. The assumption of
zero transportation cost of commaodities implies@rquality for the commodity among the
two regions. As amenity and land are immobile, wages and land rent may be not equal
between the two regions.

The system consists of) regions, indexed byj =1,...J. Only one good is

produced in the system. Perfect competition is mssuto prevail in good markets both
within each region and between the regions, andnuadities are traded without any
barriers such as transport costs or tariffs. Therdanarkets are perfectly competitive within
each region and among regions. Let prices be medsarterms of the commaodity and the
price of the commodity be unity. We assume thatrthonal population is classified into

Q groups, indexed by, according to their preferences, human capital, satial status.
A group q in region | is indexed by(j, q). We introduce

Q={(j,a)lj=1..J, d=1..,Q}

Let the number of grou in region j be qu (t) The aggregated labor force,
N; (t), of region | is given by

N,-(t):%qu,-q(t), (j,9)0Q, 1)
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where Z, are the level of human capital of gro@jp In this initial stage, we assume human

capital to be constant. We denote wage rates aewkst rate by, (t), (J, q) 0Q’, and

r(t).

We introduce

Nq [J the fixed population of groufy;

Lj [7 the fixed (residential) area of regiop;

K(t) 27 the total capital stocks of the economy at tie

F,(t) & the output levels of regiof 's production sector at timé;

K, (t) and N, (t) 27 the levels of capital stocks employed by regjos production sec-
tor;

C;,(t) and s, (t) 2/ per capita’s consumption level of commodity andirg made by
per householt(j , q) 0Q;

l,(t) O the lot size of per househo(q' : q) 0Q;

R;(t) 7 region | s land rent,
We now describe the model.

behavior of producers

First, we describe behavior of the production sasti We use production functions to
describe the physical facts of a given technolMye. assume that there are only two pro-

ductive factors, capital stockd,(j(t), and labor ,Nj(t), at point of timet. The
production functions are given by

F (K 6N, @), §=1..9.
Assume Fj to be neoclassical. We have

(0= 1 (k) fj(t)zsif((i)), < ) 21_8

The functions f; have the following properties: (i)fj(0)=0; (i) f; are

increasing, strictly concave oR", and C* on R™*; 1‘]-'(kj ) >0 and fJ (k) <0; and

Giy lim, o f,(k;) = andlim, _ ., f;(k;)=o0.
Markets are competitive; thus labor and capitaheheir marginal products, and firms

earn zero profits. For any individual firrm(t) and qu(t) are given. Region]’s

production sector chooses two variablds, (t) and Nj(t), to maximize its profit. The
marginal conditions are given by
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r+80= k) wiot)=2(f;0q) -k k). (. a)oQ, @

where 5kj are the depreciation rate of physical capitakigion |.

behavior of consumers

Each worker may get income from land ownershipjtahpwnership and wages. In
order to define incomes, it is necessary to detegridand ownership structure. It can be seen
that land properties may be distributed in multiplays under various institutions. To
simplify the model, we accept the assumption ofs&att landownership” which mean that
the income of land rent is spent outside the ecanaystem. A possible case is that the
land is owned by the government, people can remtahd in competitive market, and the
government uses the income for military or othdsligupurposes. As used in Zhang (1998),

we may assume that each worker ovxh§/N amount of land in region] and it is
impossible to sell land but it is free to rent aneivn land to others. Under this assumption,

the land revenud™ per worker is given as foIIowf(t) = Zj L;R;/N. Hence, each

worker receives the land reveniieirrespective of his dwelling region.

Consumers make decisions on choice of consumpteweld of services and
commodities as well as on how much to save. Tleem isingle purpose for people to make
savings. Wealth may be accumulated for differeasoas such as the capitalist spirit, old
age consumption, providing education for childqgonver and social status. Those different
reasons determine preference structures. Diffdrent the optimal growth theory in which
the utility function defined over future consumptistreams is used, this study uses the
approach to consumers’ behavior proposed by Zhanghé early 1990s. A detailed
explanation of the approach and its relations ® titaditional approaches to consumer

behavior are provided in Zhang (2005). IJ%E (t) stand for the per capita wealth of group

g in region j. A consumerq of region j obtains income

yjq (t) = r(t)qu (t) + qu (t)’ (J! q) 0 Q (3)
from the interest paymemr,lzjq, and the wage paymentV;,. We call y,, the current
income in the sense that it comes from the conssmerge income and consumer’s current
earnings from ownership of wealth. The income thatconsumer is using for consuming,
saving, or transferring is not necessarily equah# current income because the consumer
can sell wealth to pay, for instance, the curremtsamption if the current income is not
sufficient for buying food and touring the countBetired people may live not only on the
interest payment but also have to spend some ofwlalth. The total value of wealth that

a consumer of groug can sell to purchase goods and to save is eqd%,lqtét). Here, we

assume that selling and buying wealth can be cdadumstantaneously without any
transaction cost. The disposable income is equal to

Yig (t)= Yiq (t)+ Kig t), (i,a)0Q". (4)

The disposable income is used for saving and copgom
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At each point of time, a consumer distributes titaltavailable budget among lot size,
liq (t), saving, Sj, (t), consumption of goodsCj, (t) The budget constraints are given
by

Rig ()1jq (t) + cig(t) + 5 (t) = 9 (1) = W+ r (kg () + wie 1) ®)

Equation (5) means that housing, consumption anthgaexhaust the consumer’s
disposable personal income.

We assume that utility levelJ (t), that the consumers obtain is dependent on the

housing, I 4(t), the consumption level of commoditg, (t), and savingS (t). we
specifyU - (t), (j, q) O Q* , as follows

Noq (4 YnSoa (+ YAoa
Uiq (t) ququ ( )Ciq (t)qu (t)’ Mo » EOq’ /]Oq >0, )
in which Mog » foq , and /]Oq are the elasticities of utility of a typical pensof group g

with regard to lot size, commodity and saving. Ve oq » foq, and /loq propensities to

consume lot size, to consume goods, and to holdthvésave), respectively. Consumer
behavior is affected by many factors such as chsatnd regional cultures. In (G?,jq is

the amenity level for groug] in region j. Amenities in this study are considered as

locational parameters or slow changing variablashsas infrastructures, regional cultures
and climates, which may affect attractivenesslotation?

Maximizing U . (t) subject to the budget constraints (5) yields

(R (1) = mmO Ciylt) = &9 (t). s4(t)= A1), (1.a)OQ, @

in which
qu

— /]Oq —
» $q =0 A= Pq =1log  Sog + Aog-
q 'Oq Py

Because of the assumed Cobb-Douglas utility functithe expenditure on each
variable is proportional to the disposable incorfewe take on other forms of utility
function, this proportional relationship betweer #xpenditure and the disposable income
will not hold. See Zhang (2005) for further disdass on behavior of the consumer when
the utility function is taken on some other forms subject to preference change. As
demonstrated by numerous examples by Zhang, thiy étinction allows us to treat almost
all the important issues in the neoclassical grothigory (without space) in a consistent
manner. As shown by Zhang’s recent book, if wevaltbe preference parameters to be
related to wealth and income in certain way, thentypical household behaves the same as
in the Solow model or Ramsey model.

According to the definitions oijq(t), the wealth accumulation of household

(j, q) 0Q" is given by

1 For instance, Kanemoto (1980), Diamond and T¢ll®&B1), Blomquist et al (1988), Andersson et ab@0
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Ko () = 5,0 —Kq (), (i,9)0Q". ®)

As households are assumed to be freely mobile artfengegions, the utility level of

people of the same group should be equal, irreiseect in which region they live, i.e.
U,0=U.,0, jjm=1.J, g=1..,Q. 9)

It should be noted that we neglect possible costsnfigration. In reality, even to
change a house in a small town costs. Althougk idt difficult to introduce migration
costs into the model, it will become far more diffit to explicitly get analytical results. In
this study, instead of wage equalization (whicbften used as the equilibrium mechanism
of population distribution), we assume that conswrabtain the same level of utility in
different regions as the equilibrium mechanism aipydation distribution among the
regions. Although the condition of utility equaliica is often used in the literature of urban
equilibrium economics (see, Fujita, 1989), the agstion of utility equalization is rarely
used in the literature of economic dynamics as tdémaporary equilibrium condition of
population distribution. It is argued that this weption is more reasonable than the
assumption of wage equalization. It is well obsdrieat wage rates vary over regions.
Wage disparities may be caused by many factord) ascspatial differences in the skill
composition of the workforce, in non-human endowtsesuch (as climate and
infrastructures), and in local interactions. Mamypérical studies are made to study regional
wage disparities in different countries (for instanGlaeser and Maré, 2001, Duranton and
Monastiriotis, 2002, Combest al, 2003). As shown later on, as the utility leveleach
point of time in each region is related to regiomadalth distribution, regional amenity
levels, lands, and regional technological levelagevdisparity is “determined” by all regio-
nal factors such as resource endowments, techialdgiels. In general, wage rates among
regions will not converge if regional differencesamenity and technology differ.

The total capital stocks employed by the producsiectors is equal to the total wealth
owned by the population. That is

szé&@:jigmmw 10)

=1 g=1
The national produétiorq1 is equal to the nationaistonption and net savings. That is
J
c(t)+ st) - K(t) + > oK, (t) = F(t), (11)
j=1
where J
J Q J Q J
Ct)=> D e, tN, . St)=>> s (N, ., Ft)=D F(t).
j=19g=1 j=19=1 j=1
The assumption that labor force and land are &ithployed is represented by
J _ Q )
SN[ =Ng, Yl ONG() =L, j=1..7. (12)
j=1 q=1

We have thus built the model which explains theogethous capital accumulation and
regional capital and labor distribution in the patl economy in which all the markets
perfectly competitive and product, capital and tade freely mobile.
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3. Simulate a 3-region model with a homogenous polation

The previous section develops a general modeleoh#tional economy with multiple
regions. The model is structurally general in thesg that by adding some assumptions, the
model can be applied to describe national as vgdli@rnational economies. For instance, if
we allow all the regions have the identical comdi, then the model becomes a typical
growth model of national economy. Although the babti@l mechanism of consumers of
our model is different from the Solow model, the dabwith the identical regions is
mathematically identical with the Solow model -h#s a unique stable equilibrium. If we
don't allow people to be interregionally mobileethour model is mathematically identical
with the Oniki-Uzawa trade model with constant sgvrates. It should be noted that the
Oniki-Uzawa trade model and most of its extensiareslimited to two national economies.
Although our model is structurally general, it mspgortant to know whether it is analytically
tractable. As argued by Zhang (2005), a main redbahthe modern economic growth
theory (based on the Ramsey approach to househwiittsfapital accumulation has failed,
in a consistent and comprehensive sense, to bendedeto study economies with
heterogeneous households, or multiple sectors,uttiple countries, or multiple regions is
that any extension from the standard one-sectorhoneehold model tends to result in a
model analytically intractable. The approach basedhe utility function of this study can
be extended to economies with heterogeneous holdsedved multiple sectors by Zhang. As
far as dynamic analysis is concerned, the advantdgeur approach over the Ramsey
approach is that for similar economic issues, tieachical dimension of our approach is
lower than that by the Ramsey approach. This charratakes it possible to deal with many
economic issues which are much more difficult,af impossible, to study by the Ramsey
approach. It should be remarked that the recent geswth theory avoids capital
accumulation and is concentrated on human capitalraulation. The omission of capital
accumulation from economic theory is mainly dudhe analytical difficulties, rather than
on the basis of reasonable justification.

We are first concerned with a three-region modéhwi homogeneous population, that

is, groupl and group2 are identical in all aspects. Hence, we omit indkxWe also

requirer] + & + A =1 without affecting our analysis. We specify thedarotion functions
as follows

Fj(t):AjK?'(t)N]-B'(t), aj +ﬁj =1, aj'ﬁj >0, j=1,---,J,

where A, is region |’s productivity. From f; = A quJ , where k; =K;/N,,and
equations (2), we have

alplkfﬁl -9, Y ;
G =gle)=| W=
By equations (2) and (4)
w, =g =AB ¢ (k).
9; = fla)k + ABef (), =13, 13)

where we useq(ki) =k; and fN(kl) = Ak P + 4.
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SubstituteC; = &y, and S; = Ay, in equations (7) andl, = L; /N, into the utility
function
U(t) =6,LIENN, j=1--,].

Inserting the above equatlons into equations (8)get

&\
nj(t)zéj(%} L =23, (14)
1
where
1/n
n.(t)ENj_(t) 5.5 HjL,JZ /7554-/],
NG T (e ) 1

We can rewrite equation (10) as
Zk N, () = Zk (N (1)

Insertk; = @ (ki) into the above equation

_ J _
ky(t) =k + 2N (4”1 (k) - K; ) (15)
j=2
Insert equations (14) into equation (15)

ky(t) = k 29 97 (@ (k) - K; ). (16)

1 j=2
Solve equation (13) folyl with regard tok1
i — )71 — Czi(kl)
k, = =—=—". 7)
f (k)
Equaling both right-hand sides of equations (1) @), we have
917 = H)97 - Flio {kEH) =0, 1®)

where
f(k)=alk)+ J*( k)= Ak +dk, >0,
fll, k@)= T

j— J -~ AT j—
k)28 (g (k) -k )= (wak? + 5)> 87 (g k) -k ). @9
It should be noted that the functiorfs and f are only dependent od variables,k1

j=2 =2

and {E(t)} This is important as it allows us to express thgeatnics in aJ -dimensional
differential equations system.
To simulate the model, we now have to find solugitm equation (18) witt‘ﬁ/l as the

variable andf and f as parameters. For any positive value/pt= (& + A)/n, itis
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impossible to explicitly solve the above equatiér illustration, we specifyf] = 2,
which meansé + A = 277. It should be remarked that our approach is nurabyic
tractable with computer for any meaningful value /pf For instance, we may use the
following method. We take derivatives of equatid8) with respect td and solve the de-

rivative of ¥, with respect to time as a functiofy (t), ki (t), {R(t)}, k,(t), and {E(t)}

As ki(t) and {k (t)} can be expressed as functionsgq(t), kl(t) and {R(t)}, we can
expressf/l(t) as a function 01’371('[), kl(t) and {R(t)} as follows
3 (0)= H 5. i)

As it is easy to find outH ()71, kl, {Rj }), we thus can avoid solving (18) (except
using it to determine the initial value q?l(t) when the other variables’ initial values are
specified). We thus can simulate(d + 1)-dimensi0nal differential equations system with
%(t), Kk (t) and {E(t)} as the variables.

In the remainder of this study, we limit our stutty the case of/] = 2. As

&+ A+n=1 we haverp =1/3. It seems that this valug = 1/3 is too high from

realistic point of view. On the other hand, as main concern of simulation is to illustrate

comparative statics analysis with regard to regipeeified parameters, this specification
may not essentially affect our simulation conclasioWe specify this value as it enables us
explicitly and uniquely solve equation (18) asdols

5l 0 = Aol St} = £+ Y250 2 @

where

e {k; (1) = [21?3 +27F +/27f(af3 + 271?)}1/3.

J
Substitute equation (20)gg(k,) = a,Ak;” and F(kl) = a, Ak + 5, into
equation (A8#)
k= Alk {R(t)}):f+§/§f2/F+F/§/§_ a A
' - 3o, Ak A + 39, A + Ik
According to the above analysis and equationg(P3), and (13), we have

. ) (aélk_ﬁl +5)/1 ‘—l : %/Efz £ L (22)
K, —Al(kl’{kj})_ 13(a1;1k1_ﬁ' ia-l) (f + F + %/E] + oA -:IL' a-lklﬁl,

K =1 (kK ) = lapak?® - Tk + ABA k), (=23, @3
Taking derivatives of equation (21) with respect tgields

(21)
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k ——k N 24
ok, JZZ Jak 4)

Equaling two sizes of equations (22) and (24) weld

_ Al(kl’{lzj})_i/\j(ki’{lzj})a/\/alzj
= oNToK ' -

The J -dimensional differential equations (23) and (2Bptain J variables,kl(t)

and {E(t)} With proper initial conditions, the system detares the values of these
variables at any point of time. It can be seen Wwtan determine all the other variables in
the national economic system. We now simulate tbdehwhenJ = 3.

An equilibrium point is given by settintj;i1 =0 and kj =0 in equations (22) and
(23). That is

(alﬁk{ﬁ ' +51)4T1 £ %Efz(g) E(kl’{'z'}) GA  _6 (26
S(alAlk{"}wq) [f(k1)+|5k1, C + %l +01A1+51k1ﬂ1 =0, (26)

laAk? - Tk + A B (k)=0, j=23. @)
From equations (27), we solve
_ =JAB.@(k
k = 1,81?”(1_)' =2 3. (28)
a KD -2

Substitute equations (28) into equations (13) 48 (

91 (kl) _ /]A/],G']Alk(ki)ﬂ (k1) A,ngo” ( 1)’ =23

ﬂm:hAw@+@i (ak)-K,

MAMW@h Wl @
{ Ak g (kl)} .

Substituting equations (19) and (29) into the dedin of E(kl, {IZJ- (t)}), we solve

F as a function ok;

Flk,)= [2? 3(k) + 27F (k) + 4/ 27F (kl)(4f 3k, ) + 27f (kl))TB. (30)
Insert equation (30) to equation (26)

[mak” +ah -1 Bik), Flk)), @A _. @31
Q(kl) l(alfolklﬁ j'51) [f(kl)+ E(kl)l ' i/zl -‘-C"l'o*.t*l'dlklﬁ1 -0

Equation (31) determines the equilibrium valuekgfand equations (28) determine the

equilibrium values oij , j = 2, 3. From simulation with some specified values of the
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parameters in equation (31), we can demonstratéﬂ(kl) decreases irkl. Nevertheless,

it is tedious to explicity demonstrate this prdagetbecause the expression is too
complicated, even though the calculation is strifdgtvard.

To simulate the model, we specify the parametaresbs follows
A) (15 (@ 4N (n) (uU3) (L 3) (a,) (03) (464 (015
A l=|12|,|6,|=]38|, |&|=|219|, |L|=| 4|, |a,|=|03]|, |, |=| 014],
A 1) \6) (43) \A) (4/19) \L,) |35) (a;) (03) (46,) | 013

and N =10. Regionl has the highest level of productivity and its aityelevel is lower

(32)

than region3 but higher than regior2. Region 2's level of productivity is the second,
next to regionl’s. We term regioril as the advanced region, regi@nthe middle region,
and region3 the remote region. We now show that the dynamitesy has a unique
equilibrium point. It should be remarked that altbh the specified values are not based on
empirical observations, the choice does not seerbetainrealistic. For instance, some
empirical studies on the US economy demonstratethieavalue of the parameta®,, in the

Cobb-Douglas production is approximately equald3 (for instance, Abel and Bernanke,
1998). With regard to the technological parametatsgt are important in our interregional
study are their relative values. The presumed pribdty differences among the regions are
not very large. This is similarly true for the sfiied differences in the amenity parameters
among regions.

We plot the functionQ(k,) as in Figure 1. The equatio®(k,) = 0 has a unique
meaningful solution given as follows

k =1.118
0.2+
0.
Qfk,)
0.9 11 1.2 1.3 1.4 1.5
-0.1 ¢
-0.2 ¢

Figure 1. The Existence of Positive Solutions (f)(kl) =0
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From k; =1.118 and Egs. (28), we get the equilibrium values Iéf and Es.

Following Lemma 1, we get the equilibrium valuesatifthe other variables. We list the
simulation results as follows

F =1273 K =906, r =0.266,

f,) (1551 (k) (1117) (N,) (493\ (F) (7643 (C,\ (2719
f,|=| 1116, |k, |=|0786|, | N, |=| 292]|, | F, |=|3257|, | C,|=]|1159],
f,) (0852 (k) |0586 (N,) (215 |F,) (1835 (c,) (0653
k) (1104) (w) (1086) (c¢) (0552) (I,) (0609 (R) (1360
K |=|0794], |w,|=| 0781| |, |=| 0397], |1, |=| 1371, |R, |=| 0435 3
k;) 0606 (w,) (0596 |c,) (0303 |l;) (1625) (R,) 0280

We see that the per-capita levels of wealth andswoption and wage rate in the
advanced region higher than the corresponding Masan the middle and remote regions.
But the lot size of the remote region is largeghia nation and the land rent in the region is
lowest; the next is the middle region; a houselwlthe advanced region has the smallest lot
size and the land rent in the region is highegintthe interpretations of the given values of
the parameters, the simulation results are explectéfe see that although workers can earn
more money in the advanced region than in the remagion, they have to pay much higher
rent for housing than the households in the remegen. Expectably, the typical household
in the advanced region consume more goods andriwesmaller house than the typical
household in the remote region. Mainly because tseftéchnological advantage, the
advanced region attracts far more workers and aapian the remote region. As the remote
region has better living environment and more ldhnan the advanced region, we can
suggest that the aggregated regional economic psweainly determined by technology.
This observation theoretically demonstrates thatdgoeatural conditions and large regional
endowments may play a small role in guaranteeiggnal economic power in freely com-
petitive national economy.

The output, wealth, population, and wage incomgiblision among regions are given

by
F | (600%) (K,| (600%) (N, (493%) (W) (60.0%
F,|=|256%], | K,|=|256%], | N,|=|292%] |W,|=|256%| (34

R (144%) |Ky| (144%) [ Ng| |215%) (W, | (144%

where a variable)(j with circumflex, )A(j, denotes regionj ’s share of the corresponding
variable in the national economy. The shares ofoiliput, capital stocks, population, and
wage income of the advanced region in the nati@eahomy are respectivel$0.0%,
60.0%, 49.3%, and 60.0%. The remote region’s corresponding shares are ctgphy
144%, 14.4%, 21.5%, and 14.4%. As the population is homogeneous and people

can move freely and costlessly, the remote reditim#iracts some people mainly because
of its amenity and residential land availability.
We calculate the regional trade balances at equitibas follows
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g) (-001) (E) (-007
e |=| 001 | |E,|=| 003 | (35)
e) | 002) (E 004

The advanced region is in trade deficit and thedieidind remote regions are in trade
surplus. As the population is homogenous and haldslinave the same propensity to save,
the region with the highest technology (which Haes ighest level of per capita capital in-
put) tends to be in trade deficit.

We just examined the equilibrium structure of tladianal economy. It is important to
follow the motion of national economy when it staftom a state far away from the
equilibrium. As we have shown by Lemma 1 how tdowl the dynamic processes, it is
straightforward to simulate the motion. We simultite model with the parameter values
specified as in (32)and the following initial cotidins

k,(0) = 12, k,(0) = 075, k;(0) = 0. (36)

The simulation results are plotted in Figure 2. b¥serve that the variables approach
towards their equilibrium values. It should be reked that we don’t show the convergence
to the equilibrium point because the computer mgn®not large enough for the task. It is
significant to check stability conditions. As thaaulation is too tedious, we omit the analy-
sis.
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0.6
LofTre— ——
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Figure 2. The Motion of the National Economy

4. Parameter Changes and Regional Economic Structas

It is important to ask questions such as how orgore may affect the national
economy as its technology or amenity is improvadh@w the regional trade patterns may
be affected as the propensity or the total pomiato save is increased. This section
examines impact of changes in some parameterseonatiional economy and regional eco-
nomic structures. As the system has a unique équifh, we make comparative static
analysis. As we have explicitly provided the pragedto simulate the motion, it is
straightforward to make comparative dynamic analysi

First, we examine the case that all the paramegacept region 1's productivityA ,
are the same as in (32). We increase the prodyctievel A from 1.5 to 1.7. The
simulation results are summarized in (39#), in \I\rhiacvariableZXj stand for the change
rate of the equilibrium value of the variabbe‘- in percentage due to the change in the

parameter value fronfy, (= 1.5 in this case) toA (= 1.7). Thatis

Ax. = X; (AI.) - X (Aio)
= ‘Xj (Alox

where X; (A) stands for the equilibrium value of the variatde with the parameter value

%100, (37)

A and X, (A&o) stands for the value of the variabde with the parameter valuéy,. We

will use the symbolA with the same meaning when we analyze other paeasie

We see that as the advanced region’s productisifynproved, the national output is
increased and the rate of interest is increased.pEn-capita output level of the advanced
region rises; the levels of per-capita output af tither two regions fall. The advanced
region’s per-capita output level rises but the ot regions’ per-capita output levels fall.
Some people migrate from the middle and remoteoregio the advanced regions. The per-
capita wealth, wage rate, and consumption leveiraneased in the advanced regions; the
per-capita wealth and consumption levels of theerotiegions are almost not affected and
the wage rates are reduced. The lot size of tharexhd region falls and the land rent rises
due to the immigration; the lot sizes of the otregions rise and the land rent fall due to
emigration. The share of national product of theaaded region is further increased and the
other two regions’ shares are reduced. The trad@ntes of the advanced and middle
regions improve and the remote region’s trade lualateteriorates.
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A :15= 17= AF =1754, AK =1767, Ar = 042,

Af, 1944 (DK 1912\ (AN, 1799 AF, 4093
Af, |=|-011|, | Ak, |=|-037|, | AN, |=|-1748|, | AF, |=|-1757],
Af;) (-011) (Aky) |-037) (AN, (-1747) |AF,) (-1757
Dk, ) (1958) (Aw,) (1944) (Ac) (1958) (Al) (-1525
Dk, [=] 000 |, | Aw, |=|-011]|, | Ac, |=| 000 |, [Al, |=| 2118 |,
Dk, 000) (Aw,) (-011) |Ac 001) (Al 2018
AR 4109\ (AR 1990 ) (AE, 168

DR, |=|-1748|, | AF, |=|-2987|, | AE, |=| 1042 |. (38)
AR, ) |-1748) |AF,] |-2987) |AE,) (-871

We summarize the effects of change in the middigorés productivity in (39). The
productivity level, A, rises from 1.2 to 14. As the middle region's productivity is

improved, the national output is increased. Thegagita output of all the regions rise. But
different from the previous case when the advamegbn improves its productivity, the ra-
te of interest falls as the middle region improwssproductivity. Also different from the
previous case, the middle region’s per-capita dugeel as well as the other regions’ out-
put levels rise. Some people migrate from the adedrand remote regions to the middle
region. The per-capita wealth, wage rate, and copsion level are increased in the
advanced regions; the per-capita wealth and consaimfevels of the other regions are
almost not affected and the wage rates are inaded$e lot size of the middle region falls
and the land rent rises due to the immigration;loheizes of the other regions rise and the
land rent fall due to emigration. The share of aval product of the middle region is
increased and the other two regions’ shares angceed As in the previous case, the trade
balances of the advanced and remote regions deteriand the middle region’s trade
balance improves.

A :12=14= AF = 678 AK = 671, Ar =- 024,
Af, 006 (Ak 022\ (AN;) (-1390) (AF) (-1384
Af, |=|2471|, | Ak, |=| 2490|, | AN, |=| 3374 |, |OF, |=| 6679 |,

N

Af, 006 ) | Ak, 021) (AN;) (-1391) (AF,) |-1385
Dk, 000) (Aw 006) (Ac 000) (Al 1614
Dk, | =| 2463|, | Aw, [=|2471|, | Ac, |=|2463|, | Al, |=|-2523|,

Ak,] | 000) \Aw,) (006) (Ac,) | 000/ |Al| | 1615
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AR\ (-1390\ (BF ) (-1931\ (BE) (-078
AR, |=| 6669 |, | AF, |=| 5621 |, | AE, |=| 3499 |. (39)
AR,| |-1391) |AF,| |-1932) |(AE,) (-1905

We summarize the effects of change in the rema®mnés productivity in (39). As the
remote region’s productivity is improved, the natb output is increased and the rate of
interest falls. The per-capita output levels ofthé regions rise. Some people migrate from
the advanced and middle regions to the remote medioe per-capita wealth, wage rate, and
consumption level are increased in the remote regihe per-capita wealth and
consumption levels of the other regions are alnmmdt affected and the wage rates are
increased. The lot size of the remote region fai&l the land rent rises due to the
immigration; the lot sizes of the other region® résd the land rent fall due to emigration.
The share of national product of the remote regsoimcreased and the other two regions’
shares are reduced. The trade balance of the renmgien improves and the middle and
advanced regions’ trade balances deteriorate.

A 1= 12= AF = 225 AK = 246, Ar =-111

Af, 031) (Ak, 103 (AN,) (-1339) (AF) (-1313
Af, |=| 030, | &k, |=| 100 |, | AN, |=|-1241|, | AF, |=|-1216|,
Af, ) (3013) |Ak,) (3102 ZN3 4745 ) | AR, 9188
Ak, 001\ (Aw Ac, 001) (Al 1546
Ak, |=| 102 |, |Aw, |=| 030 |, |Ac, |=| 057 |, |Al, |=| 1416 |,
Ak; | (3107) (Aw, ) (3013) |Ac;) (3048) (Al,) |-3218

AR\ (-1339) (AR ) (-1504) (AE,) (-5670
AR, |=| -1191], Zﬁ =| -1408|, | AE, |=| - 986 |. (40)
ARy ) | 9240 Zﬁ 8765 ) |AE;) | 9530

We observe that as a region improves its technoligyland rent increases and the
land rents in the other regions fall. The regidrégle balance is improved and the other two
regions’ trade balances deteriorate. It is impdrtannote that as a region improves its
technology, the other two regions’ aggregated aulgnels fall not only in relative terms,
but also in absolute values. This implies thatn§ aegion has a high rate of technological
change and the other regions remain technologistdiijonary, then the economic activities
tend to be concentrated in the technologically adivay region. Also we observe that as a
region improves its technology, the other two ragidotal output fall but all the individual
households in the other two regions benefit in seahconsumption of goods, housing and
wealth.

We summarize the effects of change in the advanegidn’s amenity in (41). As the
advanced region’s amenity is improved, the natiamatbut is increased and the rate of
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interest falls. The per-capita output levels andeveates in all the regions rise. Some people
migrate from the middle and remote regions to tiheaaced region. The per-capita wealth

and consumption levels in all the regions rise. Tthesize of the advanced region falls and

the land rent rises; the lot sizes of the otheioregrise and the land rents fall. The share of
national product of the advanced region is incréas®l the other two regions’ shares are
reduced. The trade balance of the advanced regtaidrates and the middle and remote
regions improve.

6,:4= 42= AF =153 AK =183 Ar =-030,

Af, 008) ( Ak, 028\ (AN, 684\ (AF, 693
Af,| =] 008|, | Ak, |=| 027], | AN, |=| - 663|, | AF, |=| - 657/,
Af;) (008) \Akg) (027) (AN;) (-665) |AF;) |-657
Ak, 000} (Aw 008\ (Ac 000\ (Al,) (-640
Ak, | =] 103]|, | Aw, |=| 008|, | Ac, |=| 058], | Al, |=| 711 |,
Ak, 102) | Awg 008) | Ac; 057) | Al 712

A

AR 684 (AF 532\ (AE) (-3037
AR, |=| - 611|, | AF, |=|-800|, | AE, |=| 5757 |. (41)
AR,) \-611) |AF,| (-898) |AE, 1461

The effects of change in the middle region’s anyeare given in (42). As the middle
region’s amenity is improved, the national outmiréduced and the rate of interest falls.
The per-capita output levels and wage rates ofhallregions rise. Some people migrate
from the advanced and remote regions to the mideligon. The per-capita wealth and
consumption levels in the advanced regions aree@sad and in the other two regions are
only slightly affected. The lot size of the midakgion falls and the land rent rises; the lot
sizes of the other regions rise and the land ralht The share of national product of the
middle region is increased and the other two regjishares are reduced. The trade balances
of the advanced and middle regions improve andtrdde balance of the remote region
deteriorates. The results for change in the remeg®n’s amenity are similar to this case.

6, :38= 4= AF =-056, AK =- 057, Ar =- 005,

Af,) (001 (Ak) (005) (AN, (-463) (BAF) (-462
Af,|=| 001, | Ak, |=| 004|, |AN, |=|1124|, | AF, |=| 1125 |,
Af;) (001) (Ak,) (004) (AN;| |-463) (AF,) (-462
Dk, 000\ (Aw 001\ (Ac 000\ (Al 483
Ak, | =| 000|, | Aw, | =| 001|, | Ac, |=| 000|, | Al, |=|-1010],
Ak, 000) | Aw, 001) |Ac, 000) |Al, 485
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AR (-463) (DF | (-408\ (AE 120
AR, |=| 1124 |, |AF, |=| 1188, |AE, |=| 678 |. (42)
AR, |-463) |AF,| |-408) |AE;) |-583

We conclude that if amenity improvement occurs hie technologically advanced
region, then the national output rises; but if eowmental improvement occurs in
technologically less advanced region, the nationgbut falls. This hints the possibility that
if the central government improves a technologjckdss advanced region, the national out-
put may fall. This issue will be studied in futuras this study does not include any
government intervention. Environmental improvenmaly either improve or deteriorate the
region’s trade balance. It is important to note #ravironmental improvement has weak but
symmetry impact on the regions’ wage rate.

We now examine change in the preference. As oultseare based on the assumption

of 7 =1/3, we can change 0§ and A. As /7 + & + A =1, preference change should

be subject tof + A = 2/3. We now increase the propensity to save and rethee

propensity to consume as specified in (43). Thectsfof change in the nation’s preference
are provided in (43). As the propensity to saviméseased, the national output is increased
and the rate of interest falls. The per-capita outpvels and wage rates in all the regions
are increased. Some people migrate from the middte remote regions to the advanced
region. All the regions’ output levels are increhs@he per-capita wealth levels are all

increased. The per-capita consumption levels dreediliced. The lot size of the advanced
region falls; the lot sizes of the other regiorseriThe land rents in all the regions rise. The
share of national product of the advanced regioiméseased and the other two regions’

shares are reduced. The trade balance of the astVaegion deteriorates and the trade
balances of the other two regions improve.

(4, &): (4 2): 43 17 — AF = 525 AK =1849, Ar =-1768

Af,)) (528 (Ak 1870 AN, 018\ (AF,) (547

Af, |=| 514|, | Ak, |=|1819|, | AN, |=|-007|, | AF, |=| 506/,

Af, 501) \Aky) (1771) | AN, -031) (AR, 468

Ak, ) (1852) (Aw 528\ (Ac,) (-629) (Al;) (-018
Ak, |=]1837|, | Aw, | =| 514|, | Ac, |=| -641], [Al,|=| 007 |,
Ak, | (1822) | Aw, 501) |(Ac;) (-652) (Al 032
AR (1045| (AR 021) (DE) (-3298

AR, |=|1003|, | AF, |=| - 018], | AE, [=| 3396 |. (43)
AR, | 963) |AR,| |-054) |BE,) | 3342
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We now allow the advanced region’s residential lamde enlarged. The effects of
change are given in (44). As the advanced regimsilential area is enlarged, the national
output is increased and the rate of interest riEks. per-capita output levels and wage rates
in all the regions decline. Some people migratenftbe middle and remote regions to the
advanced region. The per-capita wealth and consamgevels are all only slightly
affected. The lot sizes in all the regions rise l#nd rents in all the regions fall. The share
of national product of the advanced region is iasegl and the other two regions’ shares are
reduced. The trade balances of the advanced andlenidgions improve and the remote
region’s trade balance deteriorates.

L, :3= 33= AF = 067, AK = 069, Ar = 005,

Af) (-001) (Ak,) (-005) (AN, 327 (AR 326
Af, |=|-001]|, | Ak, |=| - 005|, | AN, |=|-318|, | AF, |=|-319|,
Afy) (-001) (Aky) (-005) |BAN,) |-318) |AF;) (-319
Ak, 000\ (Aw) (-001) (Ac 000\ (Al 329
Ak, |=| 000|, | Aw, [=| - 001|, |Ac, |=| 000|, | Al, |=| 329|,
Ak, 000) |Aw;| (-001) |Ac, 000) (Al 328
AR\ (-318| (AR 256\ (AE, 078

AR, |=|-318|, | AF, |=| - 385|, | AE, |=| 109 |. (44)
AR, \-318) |AF,| |-385) |(AE,) (-189

We now allow the middle region’s residential areabe enlarged. The effects of
change are given in (45). Different from the silmatwhen the advanced region’s residential
area is enlarged, the national output is reduceldtlaa rate of interest falls. The per-capita
output levels and wage rates in all the regionsstightly affected. Some people migrate
from the advanced and remote regions to the mideligon. The per-capita wealth and
consumption levels are all only slightly affectddhe wage rates of all the regions rise. The
lot sizes in all the regions rise; the land rent&li the regions fall. The share of national
product of the middle region is increased and theratwo regions’ shares are reduced. The
trade balances of the advanced and middle regiopsove and the remote region’s trade
balance deteriorates. We omit representing thectsffeaused by the remote region’s
residential area.

L,:4= 42= AF =-017,AK =-018, Ar =-002

Af 000\ ( Ak, 001\ (AN,)| (-144\ (AF) (-143
Af, |=| 000|, | Ak, |=| 001|, | AN, |=| 349 |, | AF, |=| 349 |,
Af, 000) |Akg 001) (AN,) (-144) |AF;| |-143

[y
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Ak, 000} (Aw 000\ (Ac 000\ (Al,) (146

Ak, | =] 000|, | Aw, [=| 000|, | Ac, |=| 000, | Al, |=| 146/,
Ak, 000) | Aw, 000) |Ac; 000) |Al;) (146

AR (-144\ (DR (-126\ (AE 034

AR, |=|-144|, |AF, |=| 367 |, |AE,|=| 221 |. (45)
AR, \-144) |AFR,| (-126) |AE,) (-182

Finally, we allow the population to increase frdf) to 11. The national output and
each region’s output levels are increased. Thecgpita output levels and wage rates in all
the regions are increased.

N:10=11= AF =1009, AK =1053 Ar =- 064,

Af,

Ak

018\ (Ak;) (059) (AN, 954\ (AR, 973

=| 017|, | Ak, | =| 058], | AN, |=|1045/|, | AF, |=| 1064/,
017) |Akg 056) (AN,) (1045) |AF,) (1063
028\ (Aw, 018\ (Ac, 016) (Al -871

=| 102|, | Aw, |=| 018|, | Ac, |=| 057|, | Al, |=| - 946/,
102) | Aw, 017) |Ac, 057) |Al;) (-946
971\ (AR (-033) (AE) (-3710

=11109|, | AF, |=| 050 |, | AE, |=| 5613
1108) | AF, 049 | | AE, 2608

It should be remarked that our model demonstraiteergence of wages rates among
regions in the long term. From our simulation reswe see that although wage rates are
affected by changes in regional differences teatmglland and amenity, the wage disparity
is mostly strongly affected by change in regiorahinology. This also hints that as far as
neoclassical economy is concerned, if technologlifédrences among regions are not large,
wage rates may tend to converge as the other gteakly affect the differences. It is
interesting to note that from the empirical studyweage determination with a large panel of
French workers, Combext al. (2003) have found that individual skills accofmt a large
fraction of existing spatial wage disparities wétinong evidence of spatial sorting by skills
and endowments only appear to play a small roldaAas relations between wage disparity
and endowments are concerned, our model givesasingibults. It remains to prove whether
this character of economic development can be sbdarnder more general conditions.
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5. Spatial Equilibrium of a Two-Group and Two-Regia Model

This section demonstrates that the dynamics ofvtberegion two-group economy can
be expressed as a four dimensional differentiabtguos system. The following lemma is
proved in the appendix.

Lemma 1

The dynamics of the national economy is given by fhllowing 4 — dimensional
differential  equations  with kl(t) and qu (t), (j , q) 0Q,  where
(3 = {(1, 2), (2,1), (2, 2)}, as the variables

: _ aA(t) (a/\(t)j_l
=[N,k () 1k (t)) - A (t)= ,
= k0, 3 a2
qu (t) =Ny (kl(t)' {qu (t)})' (J ' CI) 0Q, (46)
in which A |, (t) and /\(t) are functions oikl(t) and {qu (t)}, (j , q) 0Q, defined in
the appendix. For any given positive valued@(t) and {qu (t)} at any point of time, the

other variables are uniquely determined by theofaithg procedure:lzll(t) by (A15) »
¥ia(t) by @, (j, Q) 0Q = kylt) by (aD~ F;(t) = F;(k;). 1 =12 - r(t) and
Wi (t) by @ —Ng(t) by (9), (j,q)0Q - N;(t),j=12 by @ -
Ri(t), i=12 by (A9) - 1g(t), cq(t) and sg(t) by @), (i,a)0Q —
Fj(t): Nj(t)fj(t) - qu(t) by ), (j, 9)0Q".

Lemma 1 shows that for given initial conditiodq,(O) and {qu (O)}, all the variables

of the system can be determined. This makes th&ersysomputational. The general
dynamic system is complicated. It can be seenahfbrough examination of the general
dynamic system is too difficuft.For illustration, we simulate the model. We spgcte
production functions as follows

— a;n B — -
FJ_AJKJ N] ) a1+ﬂ]_l aj)ﬂj>ol 1_112!
where A, is region j 's productivity. From f; = A, kfj and equation (A1), we have

_| oAk A - o, s
k, = @ (k) = e (a7)
2

2 Dynamic analyses of the economic system with idahtegions and heterogeneous households areedfer
to Zhang (2005).
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By equations (A2) and (4)
r= W(kl) = Ak = 3, Wi = ¢jq(k1) = Bz, 1, (kj )’
¥i = L+ @ lk)kiq + g (k). (48)
We see thak,, r and Wiq » (j, q) | Q* , can be expressed as unique functions of
K,.
Because a thorough dynamic analysis is too contplicain the remainder of this

study, we are only concerned with equilibrium. Byations (7) and (8), at equilibrium we
have

A~ k . *
q
Substitute equations (49) into equations (48)

K =% (k)
ia 1 -a ALkl_ﬁl !
q 1
where /Tq =1 A, -1+, >0, g=1, 2. Substituting equations (49) into equations
(A3), we have

1/’701 1, :01/,701 1/,702 1, ,02//702
&) Le) @) Te]
911 kll 612 k12

Insert equations (50) and (48) into the above éguiat

1/,701 Pl N 1//702 P11,
6 BAK" 6., BAK"

It can be seen that i, = O, and a; = a5, then the above equation does not

(j,a)0Q, (50)

contain K; and K,.3 For convenience of discussion, we assdye= Jy, (that is,

52 =0)anda; # a,. From equations (47), we have
a. - ﬁz
k, = (—AJ kPP (52)
axA

Insert this equation into equation (51)

17, 17, a,% 1B, x, 18,1
o (I I B v R
6>, 6, a, B> A

in which

3 This means that i6k1 = 5k2 and 0’1 = 0’2 , then the above conditions of utility equalizatisrinvalid.

Equilibrium may be characterized by that one grsyg@pulation is entirely concentrated in one regie neglect this
case.
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=B Py 1
o1 1Tloz (a2ﬂ1/182 - al)XO
We solve the equilibrium value d¢ by equation (53). We solvk, by equation (52),
qu by equations (50),)7]-q by equations (49), and and Wiq by equations (48). As in
equations (A8), we solve the labor distributionthg following four linear equations
YiaNi1 + VioNi + ¥oiNpy + Y550N,, = 0,
f1aNyg + f1oNpp + N,y + f5N5, =0,

- (54)
Ny; + Ny = Ny,
Npp + Ny = Ny,
in which
' l//70q 1, pq //70q

Y. =—,7qk:|'ql_2 % 29 y =—ﬁ_ q—12

9 = — ) 29 — 20 ! ] )

L 6y ) kg 1T

- Eq — - . *
)=+ 2o -6+ 31 ), 60000
q

As Nj ) qu and yjq are parameters now, the four equations (54) havaridbles

and are linear in the variables. Applying Crameride, we solve the variables,

qu , (J , q) O Q* .Hence we solve the labor distribution. We solvegfailibrium values
of the other variables as in Lemma I‘.kl:j by (1)— Rj by (A4) — Ijq, Cjq and Sjq by

As the procedure for simulation is explicitly prded, we can simulate the model. As
the expressions are too tedious, we will not exardiynamic properties of the model here.

6. Conclusions

This paper proposed a multi-region growth modehwi¢terogeneous households and
capital accumulation. Different from the growth retslwith the Ramsey approach in the
literature of economic growth, we used a utilityndétion, which determines saving and
consumption with utility optimization without leadj to a higher dimensional dynamic
system like by the Ramsey approach. It should bmarked that this paper is a
generalization of the two-region growth model prega by Zhang (1998). Some multi-
region models by the approach are given in Zhaf§1{22008). The previous studies are all
concerned with a homogeneous population. It is Wedlwn that one-sector growth model
has been generalized and extended in many directlbiis not difficult to generalize our
model along these lines (see Zhang, 2005).



346 Wei-Bin ZHANG

Appendix Proving Lemma 1

We now show that the dynamics of the national eogna@an be expressed as
4 differential equations. First, from equations (2) ebtain

folke) = fi(k) - &, (A1)
where 9, = gy — Oyp. If fl(kl) -0, >0 and given kl(t) >0, then the equation

determines a unique relation betwed® and k;, denoted byk, :¢2(k1). From
equation (Al), we have

. vdk ;
fa (kZ)d_ki =h (kl)'

As f,(k,)< 0, we see thatdk,/dk > 0. That is, qz)'(kl) > 0. Hence, for any
given kl(t) >0, we determinekz(t) as a unique function okl(t) From equations (2),

we determine the wage rates as functionkit(f) as follows

wi(0)= g (k) = 211, (g (k) - g (k) 1, (g (k). (R2)
in which ¢1(k;) = k,. We see that the capital intensitg, (t), the wage ratesw,, (t), the

per-worker output levels, j(t), and the rate of interesir,(t), can be expressed as

functions ofk; (t).
Substituting equations (7) into (6) and then apypy@quations (9), we have
P Uty & \Pallloq
R _| % & , g=12. (A3)
R1 qu 1q

From equations (A3), we have

l/,701 A pl /,701 1/,702 A p2 /,702
& Y11 &, Y12
Substitutingl ;, =77, 9jq /' R; into the land constraint in (A1), we have
R = YN +77,Y;,N;5
] L. ’
i
Insert the above equations into equations (A3)

R R YUnoy 1 N\Palloq
hYo1Noy + 115Y05Ng, _ Ly 6 Yoq q=1 2.
MY1iNi1 + YN, Ly Y1q

(A4)

O
We can rewrite the above equation as

yllNll + 712N12 + y21N21 + 722N22 = 0’ (AS)
in which
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Py, 1105
e o y Nq$hals | Oog
qu (qu1 y2q) Uq( 92qJ ’ y2q (qu) ,7qy2q ,7q he { ] ’ q = 1, 2.

g L | Oy
Substituting equations (7) into equation (11), \néao

ZZ(E +/])qu Nijq =

F, +F, + 0K, +J,K,,
j=1q=1

(A6)
where é__j =1- 9. Substituting

Fi = (aN; + 2Np)f k), K =(zNj + 2N, )k,
into equation (A6) yields
2 ~
_lel(fq + /]q)yquJq = (f + 5k1)(21N11 +Z,N 12) (f + 9,k )(21N21 + Z2sz)
j=1q=

We can rewrite the above equation as follows

f1iNgg + f1oNp, + 51N,y + F0N,, =0, (A7)
in which

fall, 9i0)= (& + A0 — (f; + 3k )z, T.a=12
For any givenk; and<§/jq (t)>, where
<9jq (t)> = [911(0 912(t) 921(t) )722(t)]’
the four equations, (A5), (A6) and the two labonstoaints in (12), contain four variables

<qu (t)> The equations are linear iN|, (t) We can rewrite these four equations in the
following matrix form

Vaalt) Violt) ¥ault) 9oolt)] Nualt) 0
falt) fiaolt) foult) folt) || Nolt)| _| O
= — | (A8)
1 0 1 0 || Ny{)| | N,
0 1 0 1 |[N,(t)] | N,
Applying Cramer’s rule, we soIijq as follows

N Alkat). (9,40) .
o(t)= Al <qu >§ (A9)

in which
/\(kl! <9]q >)E f1o¥11 = f22%01 = TV + FaaVio = Fio¥or + F22Y01 + F1120 = 21 Y20,
/\ll(kl 9jq >) =N, (f21Y12 f123721 + f22y21 - f21?’22) + N2(f22V12 -

flZVZZ)’
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/\22(k1’ <9jq>) = N1( f21¥11 — f11y21) + N2(f12y11 = faYio + Vi - f123721)-
From equation (10), we have
(k11 - Zlkl)Nll + (k12 - ZZkl)NlZ + (k21 - ZlkZ)NZI + (kzz - szz)sz =0.
Insert equations (A9) into the above equation
(ks - zik, )/\11 + KA pp + Ky yy + Ky, = 0, (AL0)
in which K Zl1k

From the definitions offjq and yjq , we see that onlyf;; and Y;; contain )711 and
the rest ofqu and Y, are independent off;; and ;. Substituting/\ ;, into the above
equation, we get
Nigkiy = Ay = Ao + A3 =0, (Al1)

in wh|ch B
Ak (1) 4900 = KN +
( {9 (t)}) =- 21K12N1 = VooKioN + Vi KoNy = VKN + Y51 KN, + Y1,KpN

). 5,0

- 21k1/\11 K N(f22y21 - f21Y22) - K21N2(fzzy12 - f12y22) + K22N2(f21y12 - f12y21)-
in which {yjq} [y12 Vo1 )722]. From the definition ofy,,, we have
K. = Y1 — \N.Ll, (A12)
BT 14y

in which W;; and I are functions ofk; . Substitute the above equation and the definitions
of f;; andY;; into equation (A11), we have

(1) - F)35™ - £H) =0, (A13)

which

f(at). {34 @)
AT Yo1

flia(t). {70 (0)) A l@+r)=(&+ AN,

It should be noted that the functionsf, and f, are only dependent on the four
variables, k,(t) and {f/jq (t)} From the definitions o{yjq }, we see tha{fqu } are

dependent on the four variablek;_,(t) and {qu (t)}, Where{ } [klz Koy k22] This is

important as it will allow us to express the dynesnin a 4 -differential equations system.
We assume that equation (A13) has a (at leastpm®five solution, denoted as

Yoq = /\O(k , {qu}). (A14)

/\11WL1/(1 + r) - (fl + 51k1)21/\2 AR ,
/\11/(1 + r) - (9(1 + /]1)/\2

&P 110
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This equation is crucial for finding out explickgressions of the dynamics. In gene-
ral, equation (A14) may have multiple solutions &y given positiveki(t) and {qu},

depending on the parameter value pf//701. By equation (A14), we expres;?11 as a

function of k1 and {qu}. Substitute (A14) into equation (A12)

k()= Al k) = Polke ko)) - a(k)

(A15)
1- 5k1 + fl(kl)
Substitutesjq = /1q gqu from equations (8) into equations (9)
lzJ'q =AY _qu’ ja=12
Substitute equations (4), (A14) and (A15) into alve equations
ks = All(k { qu}) = /]1/\0(‘( { qu}) - /\(kl’ {qu}), (A16)

ki = Al ko) = e tilk) - 2K + A, (k). (1, 0)DQ, (aan
where A, =1- A, + 1,0, andQ ={(1, 2), (2,2), (2, 2)}.
Taking derivatives of equation (A15) with respexttyields

K, = Z—Ck % Mg ak
1 (i.9)0Q
where we use equations (A17). We don't explicitblcolate partial derivatives as it is
straightforward but the expressions are tediousiakiqg both right-hand sides of equations
(A16) and (A17), we solve

nY"
k /\11( { }) Z /\Jq ak }(a_kj : (A19)

(i,.a)0Q

(A18)

We see thatk1 is a function ofkl(t) and {qu (t)} From equations (A15)l?jq are
functions ofki(t) and{lzj ( )} for (j q) Q. In summary, we obtain Lemma 1.
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