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Abstract  

We build an interregional monetary economic growth model with housing and environment for 
an open economy in a perfectly competitive economy. The monetary aspects of the model are based on 
the money-in-utility-function (MIU) approach. The real aspects of the model are influenced by the 
three most well-known models in the growth theory and urban economics in a multi-regional context. 
The industrial production follows the Solow model. Regional population distributes over the urban 
area according to the Alonso model and regional housing production follows the Muth model. We ac-
cept a new approach to the microeconomic foundation for determining money holding, savings, spatial 
location and consumption. Following the traditional literature of small open economies, we assume 
that the rate of interest is fixed in international market. We explicitly solve the equilibrium of the mul-
ti-regional economy. We also simulate the model and examine effects of changes in the rate of interest, 
the inflation policy, the preference, and amenity parameters on the long-term equilibrium structure of 
the multiregional spatial economy.  
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1. Introduction 

The purpose of this study is to introduce money into an interregional growth model. 
There is only a few studies with microeconomic foundation which explicitly deal with issues 
related to interactions among regional economic development, land and housing rents and 
spatial environment. As systematically examined by Zhang (2009), forms of money and its 
functions exhibit a great variety, depending on, for instance, technology, economic devel-
opmental stages, institutional structures, and man’s attitude towards the future. Money does 
not only provide services of the present but also plays the role of a connector of the present 
and the future. Many of the most intriguing and important questions in dynamic theory in-
volve money. Nevertheless, many of economic dynamic models omit monetary issues, by 
explicitly or implicitly assuming that transactions on the economy’s real side can be carried 
out frictionlessly without money. Modern analysis of the long-term interaction of inflation 
and capital formation begins with Tobin’s seminal contribution (Tobin, 1965)1. In Tobin’s 
approach, a monetary economy has a real sector exactly like that in the Solow growth mod-
el, so that the monetary nature of the model depends on how money is introduced into the 
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model. As a depositor of purchasing power money can be held by private agents as an alter-
native form of wealth to physical capital stock. Tobin showed that an increase in the level of 
the inflation rate will increase the capital stock of an economy. Sidrauski (1967) constructed 
an economic model in which no real variable will be affected by the economy’s inflation 
rate. We will address the issues by Tobin and Sidrauski in the alternative framework. Our 
approach is strongly influenced by the money-in-utility (MIU) function approach which was 
initially proposed by Patinkin (1965) and Sidrauski (1967). In this approach, money is held 
because it yields some services and the way to model it is to enter real balances directly into 
the utility function. This approach has been widely applied in monetary growth theory (for 
instance, Brock, 1974; Turnovsky, 2000). 

Different from the traditional monetary growth models, this study is explicitly con-
cerned with interregional differences in the role of money on economic growth. There 
should be close interactions among money, housing market and economic development. Lu-
cas (1988) points out the necessity of analyzing urban configuration and economic growth 
as a connected whole. However, partial equilibrium models fail to explain interactions 
among various economic activities over time and space. We try to integrate some well-
known models in a compact analytical framework. Our approach to economic growth is 
strongly influenced by the neoclassical growth theory.1 There is a large literature on durable 
housing in spatial context.2 It is important to develop analytical frameworks for examining 
spatial economic growth with money, housing, transportation systems, and environment. 
Nevertheless, only a few economic models study issues related to growth and residential 
distribution, not to mention to include the role of money in economic dynamics, within a 
comprehensive framework. In particular, contemporary formal economic growth theory with 
capital accumulation has almost neglected housing markets. Over the past three decades, the 
study of the economic growth with housing and economic geography has caused a lot of at-
tention in urban economics and regional science.3 Yet, it is argued that urban economics still 
needs an analytical framework for spatial evolution and growth with capital accumulation. 
Zhang (2008b) has proposed a model which synthesizes the neoclassical growth theory, the 
Alonso residential location model and Muth housing model. This study is an extension of 
Zhang’s model in that money is explicitly introduced to the spatial economy. This study de-
scribes dynamics of a small country economy with economic geography. There are many 
economic models concerned with growth and capital accumulation of small open econo-
mies.4 Nevertheless, this analytical framework has not been extended to spatial economics 
with land use and housing market, except Zhang’s recent interregional monetary growth 
model (Zhang, 2008a). This study is different from Zhang’s interregional monetary model in 
that this study explicitly introduces spatial economic structure into the interregional econ-
omy. We see that this study is a synthesis of Zhang’s previous two models. This paper 
differs from the previous studies mainly in that this model is concerned with an interregional 
                                                           

1 Most of the models in the neoclassical growth theory are extensions and generalizations of the pioneering works of 
Solow (1956). The Solow model is sometimes referred as to the Solow-Swan model because Swan (1956) proposed a 
model similar to the Solow model. The literature of the neoclassical growth theory is referred to Burmeister and Do-
bell (1970). 

2  See, for instance, Muth (1973), Anas (1978, 1982), Hockman and Pines (1980), Brueckner (1981), Arnott (1987), 
Brueckner and Pereira (1994), Arnott et al (1999), Braid (2001), and Brito and Pereira (2002). 

3 We refer on the literature surveys to Henderson and Thisse (2004), Capello and Nijkamp (2004), and Andersson 
and Johansson (2007). 

4 Refer to, for instance, Obstfeld and Rogoff (1999), Lane (2001), Kollmann (2001, 2002), Benigno and Be-
nigno (2003), and Galí and Monacelli (2005), for the literature on economics of open economies.  
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monetary economy with growth urban structure, while the interregional model by Zhang 
(2008a) is concerned with an economy without urban structure and housing market and the 
urban model by Zhang (2008b) is concerned with a spatial economy without regional di-
mension. The paper is organized as follows. Section 2 defines the basic model. Section 3 
demonstrates how to solve the equilibrium economic structure with the general production 
functions and any number of regions and shows the existence of a unique equilibrium with 
the Cobb-Douglas production function for a 3 regional economy. Section 4 studies the im-
pact of technological change upon the spatial equilibrium. Section 5 demonstrates how 
changes in the rate of interest, the preference, and the inflation policy affect the entire na-
tional economy. Section 6 concludes the study. Appendix proves the main results in Section 
3.  

2. The multi-region trade model with capital accumulation 

In describing economic production, we follow the neoclassical trade framework. The 
system consists of multiple regions, indexed by ....,,1 Jj =  It is assumed that the regions 

produce a homogenous commodity. Regions trade because of differences in household be-
havior and productivity. We assume that the economy is too small to affect the world 
interest rate. The households hold wealth and land and receive income from wages and in-
terest payments of wealth. Land is only for residential use. Technologies of all the 
production sectors are characterized of constant returns to scale. All markets are perfectly 
competitive and capital and labor are completely mobile between the sectors and capital is 
perfectly mobile in interregional and international markets. We neglect possible interna-
tional emigration or/and immigration. Most aspects of production sectors in our model are 
similar to the neo-classical one-sector growth model. Households own assets of the econ-
omy and distribute their incomes to consume and save. Production sectors or firms use 
capital and labor. Commodities are traded without any barriers such as transport costs or tar-
iffs.  

The economy has two assets, domestic money and traded capital goods. The economy 
consists of consumers, firms and the government. The foreign price of traded goods is given 
in the world market. The domestic residents may hold two assets, domestic money and capi-
tal. We neglect transport cost, customs, or any other possible impediments to trade. Let 
prices be measured in terms of the commodity and the price of the commodity be unity. We 

denote wage and interest rates by )(tw j  and ,)(trj  respectively, in the j th region. The 

interest rate is identical throughout the national economy, i.e., ,)( *rtr =  where *r  is the 

rate of interest fixed in the international economy. We assume a homogenous population. A 
person is free to choose his residential location. We assume that any person chooses the 
same region where he works and lives. Each region has fixed land. First, we describe pro-
duction behavior. We introduce 
N   the given population of the economy; 

jL   the given (residential) area of region ;j  

( )tK  and )(tK   the capital stocks employed by and the total wealth of the national 

economy at ;t  
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( )tFj   the output levels of region j ’s production sector at time ;t  and 

( )tKij  and ( )tN j   the levels of capital stocks and labor force employed by region j ’s 

production sector. 

Behavior of producers 

We use production functions to describe the physical facts of a given technology. We 

assume that there are only two productive factors, capital )(tKij  and labor ( ),tN j  at each 

point of time .t  The production functions are given by 

 ( ) ( )( ) ,,,1,, JjtNtKF jijj L=  

where jF  are the output of region .j  Assume jF  to be neoclassical. We have 

 ( ) ( )( ),tkftf jjj =  ( ) ( )
( ) ( ) ( )

( ).,
tN

tK
tk

tN

tF
tf

j

ij
j

j

j
j ≡≡  (1) 

The functions, ,jf  have the following properties: (i) ( ) ;00 =jf  (ii) jf  are increas-

ing, strictly concave on ,+R  and 2C  on ;++R ( ) 0' >jj kf  and ( ) ;0" <kf j  and (iii) 

( ) ∞=→ jjk kf
j

'
0lim  and ( ) .0lim ' =+∞→ jjk kf

j
 

Markets are competitive; thus labor and capital earn their marginal products, and firms 

earn zero profits. The rate of interest, ,*r  and wage rates, ( ),tw j  are determined by mar-

kets. For any individual firm, *r  and ( )tw j  are given at each point of time. The production 

sector chooses the two variables, ( )tK j  and ( ),tN j  to maximize its profit. The marginal 

conditions are given by 

 ( ) ( ) ( ) ( ),, ''*
jjjjjjjjk kfkkftwkfr −==+ δ  (2) 

where kδ  is the depreciation rate of physical capital. As *r  is fixed, from '*
jk fr =+ δ  

and '
jjjj fkfw −=  we obtain that both ( )tk j  and ( )tw j  are functions of *r  as 

 ( ) ( )., ** rwrk wjjkjj φφ ==   (3) 

We see that jk  and jw  are invariant in time. It is straightforward to show 

0/1/ "* <= jkj fdrdφ  and .0/ * <−= kjwj drd φφ  As the rate of interest rises, both 

the capital densities and the wage rates fall. 
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Behavior of consumers 

The spatial aspects of this model follow the equilibrium theory of urban land market 
pioneered by Alonso (1964). This approach has been extended in many directions. The ear-
lier important contributions are made by Muth (1969), Mills (1967), Beckmann (1969), 
Solow (1973), and others. There are many contributions in the literature in the last two dec-
ades. As an extension of Solow and Vickrey (1971) and Beckmann (1976), Ogawa and 
Fujita (1980) introduced multiple types of interactions. Their model includes possible exis-
tence of multiple urban centers. Since then, there are many works on polycentric cities.5 As 
the other aspects of our model are already complicated, we will use a simple form of spatial 
structure. In our dynamic model, we also assume that all residents in a region work in the 
region’s CBD. People travel only between their homes and the CBD. Travel is equally cost-
ly in terms of time or/and money in all directions. An individual may reside at only one 
location. The only spatial characteristic of any location that directly matters is the distance 
from the city center. The regional system is geographically linear and consists of two parts - 
the CBD and the residential area. The geography consists of a finite strip of land extending 
from the CBD with constant unit width. We assume that the production sectors are concen-
trated in the CBD. The households occupy the residential area. We assume that the CBD is 
located at the left-side end of the linear territory, as illustrated in Figure 1. As we will get 
the same conclusions if we locate the CBD at the center of the linear system, the specified 
urban configuration will not affect our discussion.  
 
 
 
CBD 
 
 
 
 
 

Figure. 1 The Spatial Configuration of a Region 

We now describe housing production and behavior of households. First, we introduce  

• jω   the distance from the CBD to a location in the residential area in region ;j  

• ( )tR jj ,ω  and ( )tR jhj ,ω   the land rent and housing rent per household at loca-

tion ;jω  

• ( )tk jj ,ω  and ( )ts jj ,ω   the wealth owned by and the saving made by the 

household at location ,jω  respectively; 

• ( )tc jj ,ω   the consumption of the household at location ;jω  

                                                           
5 See, for instance, Asami et al. (1990), and Papageorgiou and Pines (1999). 

       
residential area: 
 transportation, lot size 
consumption and saving 
residential location 

jL  
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• ( )tn jj ,ω  and ( )tL jhj ,ω   the residential density and the lot size of the household 

at location ;jω  and 

• ( )tKhj   the capital stocks employed by the housing sector in region .j   

We assume that all housing is residential housing. To explain space-dependent gradi-
ents for residential density and capital-land ratios, Muth introduces a commodity “housing” 
rather than land in describing dwelling conditions. Housing is produced with land and non-

land inputs. Let us denote ( )tc jhj ,ω  housing service received by the household at location 

.jω  We specify the housing service production function as follows 

 ( ) ( ) ( ) ,0,,1,,,, ≥=+= hhhhjhjjhjhjjhj tLtkAtc hh βαβαωωω βα
 (4) 

where ( )tk jhj ,ω  is the input level of capital per household at location .jω  Here, we as-

sume that housing capital can be instantaneously adjusted. All the characteristics of houses 
such as the size of a lot and the size of a house can be changed instantaneously without 
costs. Hence the capital-land ratio is always perfectly adjusted.6 The marginal conditions for 
the housing sectors are given by 

 
( ) ( )

( ) ( ) ( ) ( )
( ) .0,
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jhjjhjh
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jhjjhjh
k L
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r ≤≤==+ ω
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ωωβ

ω
ω

ωωα
δ  (5) 

According to the definitions of ( )tL jhj ,ω  and ( ),, tn jj ω  we have 

 ( ) ( ) .0,
,

1
, jj

jhj
jj L

tL
tn ≤≤= ω

ω
ω  (6)  

The total capital stocks employed by region sj'  housing sector is equal to the sum of 

the capital stocks for housing over space at any point of time. The relationship between 

( )tk jhj ,ω  and ( )tKhj  is thus given by 

 ( ) ( ) ( ) .,,1,,,
0

JjdtktntK
jL

jjhjjjhj L== ∫ ωωω  (7) 

We assume that agents have perfect foresight with respect to all future events and capi-
tal markets operate frictionless. The government levies no taxes. Money is introduced by 
assuming that a central bank distributes at no cost to the population a per capita amount of 

fiat money ( ) .0>tM  The scheme according to which the money stock evolves over time 

                                                           
6 Our approach is mainly based on Anas (1978), even though the Anas housing production also includes the 

labor input. Further issues related to the durability of real estates and its costly conversion and replacements are al-
so discussed by Anas. See also Arnott (1980), Arnott et al. (1999) and Glaeser and Gyourko (2005) for introducing 
more realistic aspects of housing market to the growth model. A recent literature review is referred to Lin et al. 
(2004). 
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is deterministic and known to all agents. With µ  being the constant net growth rate of the 

money stock, ( )tM  evolves over time according: ( ) =tM&  ( ),tMµ  .0>µ  At t  the 

government brings ( )tMµ  additional units of money per capita into circulation in order to 

finance all government expenditures via seigniorage. Let ( )tm  stand for the real value of 

money per capita measured in units of the output good, that is, ( ) ( ) ( )./ tPtMtm =  The 

government expenditure in real terms per capita, ( ),tτ  is given by 

 ( ) ( )
( )

( )
( ) ( ).tm
tP

tM

tP

tM
t µµτ ===

&

 (8) 

The representative household receives ( )tmµ  units of paper money from the govern-

ment through a “helicopter drop”, also considered to be independent of his money holdings.  

Let ( )tm j ,ω  stand for the real money holdings of the typical household at ω  in region 

.j  According to the definitions of ( ),tm  ( )tm j ,ω  and ( ),tn j  we have 

 ( ) ( ) ( ).,,
1 0

tNmdtntm
J

j

L

jjjjj

j

=∑ ∫
=

ωωω  (9) 

Each worker may get income from land ownership, wealth ownership and wages. Let 

( )tk jj ,ω  stand for the per capita wealth (excluding land) owned by the typical household 

at location jω  and ( )ω,ty j  for the real physical wealth owned and real current income by 

the representative household in region .j  Then we have 

( ) ( ) ( ) ( ) .0,,, *
jjjjjj Ltmtwtkrty ≤≤++= ωµωω  

We call jy  the current income in the sense that it comes from the wage, the earnings 

from ownership of wealth, and the money distribution from the government. The real dis-

posable income of the representative household in region ,j  ( ),ˆ ty j  is given as the sum of 

the real current income and wealth in real terms, defined as follows 

 ( ) ( ) ( ) ( ) ( ),,,,,ˆ tmttatyty jjjjjjjj ωπωωω −+=  (10) 

where ( )ta jj ,ω  is the real total wealth in domestic currency defined as 

 ( ) ( ) ( ).,,, tktmta jjjjjj ωωω +≡  

It should be noted that the variable, ( ),tk j  in the definition of the current income is 

considered as a flow variable, just like the income, ( ).ty j  Under the assumption that selling 

wealth can be conducted instantaneously without any transaction cost, we may consider 
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( )tk j  as the amount of the “income” that the consumer obtains at time t  by selling all of 

his wealth. Hence, at time t  the consumer has the total amount of income equaling ( )ty jˆ  

to distribute among holding money, consuming and saving. It should also be remarked that 
in the growth literature, for instance, in the Solow model, the saving is out of the current in-

come, ( ),ty j  while in this study the saving is out of the disposable income. 

At each point of time, a consumer at location jω  distributes the total available budget 

among the leisure time, ( ),, tT jhj ω  housing, ( ),, tc jhj ω  saving, ( ),, ts jj ω  consump-

tion of industrial goods, ( )., tc jj ω  Here, we assume that the leisure is only dependent on 

the residential location as the work time is fixed and equal for each household, in disregard 
of residential location. After the work time is decided, the households decide the time distri-
bution between leisure and travel to work. As we assume that the travel time from the CBD 
to the residential location is only related to the distance and neglect any other effects such 
on technological change, infrastructure improvement, and congestion on the travel time 
form the CBD to the residential area, the leisure time, which is equal to the fixed total time 

minus the travel time, is only related to location. Let 0T  and ( )tjj ,ωΓ  respectively stand 

for the total available time for travel and leisure and the time spent on traveling between the 
residence and CBD. We have  

 ( ) ( ).,, 0 tTtT jjjhj ωω Γ−=  

The budget constraint is given by 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ),,,ˆ,,,,,1 * ttytstctctRtmr jjcjjjjjjjhjjhjjj ωωωωωωω Γ−=++++
 .,,1,0 JjL jj L=≤≤ ω         (11) 

Equation (11) means that the consumption and saving exhaust the consumers’ dispos-

able personal income.  Substituting ( ) ( )tTtT jjjhj ,, 0 ωω Γ−=  and the definition of 

( )jj ty ω,ˆ  into (11), we have 

 ( )( ) ( ) ( ) ( ) ( ) ( ) ( ),,,,,,,* tytstctctRtmrt jjjjjjjhjjhjjj ωωωωωωπ =++++ (12) 

where 

 ( ) ( ) ( ) ( ) ( ) ( ).,,1, * ttmtwtkrty jjcjjjjj ωµωω Γ−+++≡  

Location choice is closely related to the existence and quality of such physical envi-
ronmental attributes as open space and noise pollution as well as social environmental 

quality. We assume that utility level, ( ),, tU ω  of the household at location jω  is depend-

ent on ( ),, tT jhj ω  ( ),, tm jj ω ( ),, tc jhj ω  ( ),, ts jj ω  and ( )tc jj ,ω  as follows 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ,0,,,,,,,,,,,, 0000
0000 >= ληξεσωωωωωωθω ληξεσ tstctctmtTttU jjjhjjjjjjhjjjjj

 (13) 
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in which ,σ  ,0ε ,, 00 ηξ  and 0λ  are a typical person’s elasticity of utility with regard to 

leisure time, holding money, industrial goods, housing, and saving at .jω  We call ,σ  

,0ε ,, 00 ηξ  and 0λ  propensities to use leisure time, to hold real money, to consume 

goods, to consume housing, and to hold wealth, respectively. 

Maximizing ( )tU jj ,ω  subject to the budget constraint (10) yields 

( ) ( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( ),,,,
,

,
,,

,
,,,,

*
tyts

tR

ty
tc

rt

ty
tmtytc jjjj

jhj

jj
jhj

jj
jjjjjj ωλω

ω
ωη

ω
π

ωε
ωωξω ==

+
==  (14) 

where 

 .
1

,,,,
0000

0000 ληεξ
ρρλλρηηρεερξξ

+++
≡≡≡≡≡  

The above equations mean that the housing consumption, consumption of the good and 
saving are positively proportional to the available income. 

In this study, we incorporate amenity into the consumer location decision by assuming 
that amenity is a function of residential density.7 Distance from the CBD reflects two ele-
ments: the inconvenience of the distance and the value of the amenity of the surrounding 
area. This study considers that residential densities may have positive or negative agglom-

eration effects. We specify the amenity, ( ),, tjj ωθ  at jω  as follows 

 ( ) ( ) .0,,, 00 >= jjjjjj tnt θωθωθ µ  (15) 

The function, ( ),, tjj ωθ  implies that the amenity level at location jω  is related to 

the residential density at the location.8 It is assumed that all households obtain the same lev-
el of utility at any point of time. This also comes out of our assumption that the population is 
homogeneous and people can change their residential location freely without any transaction 
costs and time delay.9 The conditions that households get the same level of utility at any lo-
cation at each point of time is represented by 

( ) .0,0,,,1,),,(, 11 mmjmmj LLJmjtUtU ≤≤≤≤== ωωωω L  (16) 

                                                           
7 This study does not take account of externalities for producers. For instance, firms often prefer to locate to 

other firms. An explicit introduction of externalities will make the spatial structure far more complicated. In the lit-
erature of urban economics, various externalities have been analyzed (see, Henderson, 1974, Upton, 1981, and 
Abdel-Rahman, 2004).  

8 This specified form is a limited case. Locational amenities or disamenities are not only affected by the resi-
dential density at the location. For instance, possible social contacts of any individual are spread over the whole 
space. Air pollution is not limited to locals.  

9 In reality, to change housing location costs. Although the condition of utility equalization is often used in the litera-
ture of urban economics, the assumption of utility equalization is rarely used in the literature of economic dynamics as 
the temporary equilibrium condition of population distribution. 
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According to the definition of ( ),,ts jj ω  the capital accumulation for the household 

at location jω  is given by 

 ( ) ( ) ( ) .0,,,, jjjjjjjj Ltatsta ≤≤−= ωωωω&  (17) 

Regional population and capital 

A region’s population is distributed over the whole urban area. Region sj'  population 

constraint is given by 

 ( ) ( ) .,,1,,
0

JjtNdtn
jL

jjjj L==∫ ωω  (18) 

The above equation also implies that each region’s labor force is fully employed. Re-

gion sj'  consumption, ( ),tC j  is given by 

 ( ) ( ) ( ).,,
0
∫ =

jL

jjjjjj tCdtntc ωωω  (19) 

Region sj'  saving is given by  

 ( ) ( ) ( ).,,
0
∫ =

jL

jjjjjj tSdtnts ωωω  (20) 

The total capital stock employed by region j  is the sum of the capital stocks em-

ployed by region sj'  industrial and housing sectors  

 ( ) ( ) ( ).tKtKtK jhjij =+  (21) 

The total wealth owned by region sj'  households is given by 

 ( ) ( ) .,,1,)(,,
0

JjtKdtntk j

L

jjjjj

j

L==∫ ωωω  (22) 

National population and capital 

The total capital stocks employed by the economy is equal to the sum of the capital 
stocks employed by the capital stocks employed by all the regions. That is 

 ( ) ( ) ( ) ( )( ).
11
∑∑

==
+==

J

j
hjij

J

j
j tKtKtKtK  (23) 
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The total wealth of the national economy is the sum of the wealth owned by all the 
households 

 ( ) ( ).
1
∑

=

=
J

j
j tKtK  (24) 

We introduce ( )tB  as the value of the economy’s net foreign assets at .t  The income 

from the net foreign assets, ( ),tE  which may be either positive, zero, or negative, is equal 

to ( ).* tBr  The assumption that the national labor force is fully employed is represented by 

 ( ) .
1

NtN
J

j
j =∑

=

 (25) 

We now explain trade balance in the model. According to the definitions of the na-
tional wealth, the capital stocks employed by the economy and the net foreign assets, we 
have 

 ( ) ( ) ( ).tBtKtK +=                

We have thus built the multi-regional model of a small open economy with multiple 
regions and capital accumulation.  

3. Spatial Equilibrium and Existence of Equilibrium by Simulation 

The previous section develops a general model of the national economy with multiple 
regions and residential distribution. The model is structurally general in the sense that by 
adding some assumptions, the model can be applied to describe national as well as interna-
tional economies. For instance, if we allow all the regions have the identical conditions and 
neglect the role of money and housing, then the model becomes the one-sector growth mod-
el of national economy. Although the behavioral mechanism of consumers of our model is 
different from the Solow model, the model with the identical regions and without money 
and housing sector is mathematically identical with the Solow model – it has a unique stable 
equilibrium. It can be seen that the national model with housing and without money is a 
two-sector growth model. If we don’t allow people to be interregionally mobile and neglect 
the role of money, then our model is mathematically identical with the Oniki-Uzawa trade 
model with constant saving rates. It should be noted that the Oniki-Uzawa trade model and 
most of its extensions are limited to two national economies and our analytical results are 
valid for any number of regions. The residential distribution in our model is according to the 
standard Alonso model and the housing sector is influenced by Muth’s housing model. Al-
though our model is structurally general, it is important to know whether it is analytically 
tractable. In this paper we are concerned with equilibrium, because a genuine dynamic anal-
ysis is too complicated. We now show how to find equilibrium in our model. The following 
lemma, which provides a procedure for determining the equilibrium values of all the vari-
ables, is proved in Appendix A1.  
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Lemma 1 

For given rate of interest, ,*r  jk  and ,jw  ,,,2,1 Jj L=  are determined by eq-

uations (2). The real money per capita, ,m  is determined by the following equation 
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where 

 ( ) ( ) ,0,00 jjjjcjjj Lrmrk ≤≤Γ−+= ωωµω  (27) 

in which ,πελλ −≡  ,0 jj wrr ≡  ,00 µµ r≡  and ( ),1/1/1 *
0 rr −−≡ λ  and the la-

bor distribution, ,jN  are functions of ( )jjk ω  determined as follows 
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The equilibrium values of all the other variables are given by the following procedure: 

jf  by (1) → jjj NfF =  → jjij NkK =  → ( )jjk ω  by (27) → ( ) ( ) λωω /jjjj ky =  → 

( )jjn ω  by (A11) and (A12) →  ( ) ( )jjjhj nL ωω /1=  → ( ) ( )∫= jL

jjjjj dnkK
0

ωωω  →  

jY  by (A4) → ( )jωhjk  by (A6) → hjK  by (A7) → hjijj KKK +=  → ( )jhjR ω  by (A9) 

→ ( )jjR ω  by (5) → ( ),jjc ω  ( ),jjm ω  ( )jhjc ω  and ( )jjs ω  by (14).  

For illustration, we will follow the procedure given in Lemma 1 to solve the equilib-
rium values of the system. In the remainder of this study, we are concerned with an 
economy with 3 regions.10 We specify the production functions as follows 

 ( ) ( ) ( ) ,0,,1, >=+= jjjjjijjj tNtKAtF jj βαβαβα
  ,3,2,1=j    

where jA  is region j ’s productivity. From ,j

jjj kAf α=  and equations (2), we have 

                                                           
10 As the procedure in Lemma 1 is valid for any number of regions, one can similarly examine the behavior for the 

system with any number of regions. 
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By equations (3), we have 

 ( ),1kA j

kjjjwj
αφβφ =  ( ) ( ) ,3,2,1,ˆ 11 =+= jkAkky j

jjjjrj
αφβφ  (28) 

in which we use ( ) 111 kkk =φ  and ( ) δαφ β +≡ − 1
1111 kAkr  and .1 kδδ −≡  

We specify the travel time and cost functions as follows 

 ( ) ,0, jjjjjj L≤≤=Γ ωωνω  ( ) .0, jjjcjjcj L≤≤=Γ ωωνω  (29) 

The inverse of the parameter, ,jν  is the travel speed in region .j  Hence, a decrease 

in the value of jν  is interpreted as an improvement in region s'j  transportation system. 

The parameter, ,cjν  is the travel cost per unit of distance in region .j  The transportation 

systems in this study are measured by the parameters, jν  and .cjν  Following Lemma ,1  

we can determine equilibrium of the system with the parameter values specified as follows 
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(30) 

The rate of interest is fixed at 6  percent in the international market. Region 1 has the 
highest level of productivity. Region 2 ’s level of productivity is the second, next to region 
1’s. We term region 1 as the advanced region, region 2  the middle region, and region 3  
the remote region. Although the specified values are not based on empirical observations, 
the choice does not seem to be unrealistic. For instance, some empirical studies on the US 
economy demonstrate that the value of the parameter, ,α  in the Cobb-Douglas production 

is approximately equal to 3.0  (for instance, Abel and Bernanke, 1998). With regard to the 
technological parameters, what are important in our interregional study are their relative 
values. The presumed productivity differences among the regions are not very large. This is 
similarly true for the specified differences in the amenity parameters among regions. Region 

s'1  land area is smaller than region s'2  and region s'3  land area is equal to that of region 

.1  The amenity parameters of the three regions are equal. Region s'1  amenity parameter is 

the same as region s'2  and region s'3  amenity parameter is highest. The three regions 
have different transportation conditions. preference specification implies that the consumer 
spends about 8  per cent of the available income on housing and about 17  percent on the 
other expenditures.  
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Following Lemma 1, we determine the equilibrium values of the variables. From equa-
tion (26), we determine the value of the real money. It is further demonstrated that the 
equation has a unique solution.  
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Following Lemma 1, we solve the other variables and list the simulation results for the 
location-independent variables as in (31) 
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in which ( )KKrE −≡ *  and 
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The variable, ,E  measures trade balance of the national economy. If ,0)(<>E  the 

country is said to be in trade surplus (deficit); if ,0=E  the country is said to be in trade 

balance. We don’t represent jE  (which are the regions’ trade balances and are given by 

( )jj KKr −* ). The national domestic product, ,F  is equal to the sum of the national 

output levels of the industrial and housing sectors of all the regions, iF  and .hF   

We see that the capital intensity, per capita output level, and wage rate in the advanced 
region are higher than the corresponding variables in the middle region; these variables in 
the middle region are higher than the corresponding variables in the remote region. Most of 
the population and national product are concentrated in the advanced region. The advanced 
region attracts almost 64  of the national population. The national economy is in trade defi-
cit. The level of the capital stocks employed by the economy is much higher than the wealth 
owned by the economy. The advanced region produces more industrial and housing outputs 
than the other two regions and it employs more capital stocks than the other two regions. 
The location-dependent variables are plotted in Figure 2. From the figure, we see that the 

Eq. (26) 

m  
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residential density, consumption level of industrial goods, the land rent and housing rent 
each region fall in distance. Although workers can earn higher wages in the advanced region 
than in the remote region, they pay much higher rent for housing than the households in the 
remote region. Expectably, the typical household in the advanced region consumes more 
goods and lives in a smaller house than the typical household in the remote region. As  

     ( ) ( ) ( ) ( ) ( )
,,

ξ
ωη

ωω
ξ

ωλη
ω jj

jhjjhj
jj

jj

c
cR

c
s ==  

we see that ( )ωjs  and ( ) ( )jhjjhj cR ωω  vary in distance proportionally to ( )jjc ω  at any 

location. Hence, we do not present ( )ωjs  and ( ) ( ).jhjjhj cR ωω The variables for each re-

gion change in the same way as the region’s consumption level of the industrial goods.  

 

 

 

Figure 2. Regional Residential Distribution, Consumption and Rents over Space 

4. The Inflation Policy and Regional Technological Changes 

This section examines impact of changes in the inflation policy and regional technol-
ogy on the national economy and regional economic structures. As the system has a unique 
equilibrium, we can examine the shift of equilibrium point as a parameter is changed. Mod-
ern analysis of the long-term interaction of inflation and capital formation begins with 
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Tobin’s seminal contribution (Tobin, 1965).11 In Tobin’s approach, a monetary economy 
has a real sector exactly like that in the Solow growth model, so that the monetary nature of 
the model depends on how money is introduced into the model. As a depositor of purchas-
ing power money can be held by private agents as an alternative form of wealth to physical 
capital stock. Tobin showed that an increase in the level of the inflation rate will increase the 
capital stock of an economy. As our model is interregional, we can analyze regional effects 
of the inflation policy.   

First, we examine the case that all the parameters, except the inflation policy, µ , are 

the same as in (30). We increase µ  from 03.0  to .05.0  The simulation results are sum-

marized in (32), in which a variable jx∆  stand for the change rate of the equilibrium value 

of the variable jx  in percentage due to the change in the parameter value from 0µ  

( 03.0=  in this case) to 1µ  ( 05.0= ). That is 
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where ( )µjx  stands for the equilibrium value of variable jx  with the parameter value .µ  

We will use the symbol ∆  with the same meaning when we analyze other parameters. We 
see that as the inflation rate is increased, the national output and capital stocks are increased. 
This is similar to what the Tobin model predicts. Nevertheless, as our production system 
consists of two sectors, the impact on the industrial sector is negative but on the housing 
output is positive. As it is more expensive to hold money, per capita real money is reduced. 
As the economy is open and the wage rates and capital intensities are determined by 
technology and the globally fixed rate of interest, the change in the inflation has no impact 
on the wage rates and the capital intensities. The advanced region becomes less attractive as 
the inflation rate becomes higher. The population of the advanced region falls and the 
population levels of the other two regions rise. The change directions in the regional 
industrial output levels and capital stocks employed by the industrial sectors have the same 
change rates as the regional population.  
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11 See also McCallum (1983) and Walsh (2003) for general discussions on money. 
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Equation (32) shows the changes of the location-independent variables. The effects on 
the location-dependent variables are given in Figure 3. We see that the amenities are slightly 
affected. The consumption levels of goods and housing are increased. Land and housing 
rents are also increased.   

 

 

 

Figure 3. The Spatial Effects of the Inflation Policy 

We now increase the productivity level, ,1A  from 1.1  to .15.1  The simulation re-

sults are summarized in (33) and Figure 4. As the advanced region’s productivity is 
improved, the national output level, ,F  and total capital, ,K  the national industrial output 

level, ,iF  and the national housing output level, ,hF are increased. The national wealth is 

increased and the trade balance is improved. The per capita output level and capital intensity 

of the advanced region, 1f  and ,1k  are increased; the per capita output levels and capital 

intensities of the other two regions, jf  and ,jk ,3,2=j  are not affected. The labor 

force and output levels of the two sectors in the advanced region, ,1N  1F  and ,1hF  are in-

creased; the corresponding variables of the other two regions are reduced. The per capita 
wealth, per capita consumption level and real money holding of any consumer in the three 
region are increased. As the advanced region increases its productivity, as shown in Figure 
4, the land and housing rents in the advanced region rise and the rents in the other two re-
gions fall. The residential density in the advanced region rises and per capita housing 
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consumption level falls; the residential densities in the two other regions fall and per capita 
housing consumption levels rise. 
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Figure 4. The Spatial Effects of Technological Change in the Advanced Region 

We now allow the remote region’s productivity to be increased, with all the other pa-

rameter values fixed. We increase 3A  from 1 to .02.1  As the remote region’s productivity 

is improved, the national output level, ,F  and total capital, ,K  the national industrial out-

put level, ,iF  and the national housing output level, ,hF are all reduced. The effects of the 

remote region’s technological improvement on the national economy are different from the 
effects of the advanced region’s technological improvement. The mechanism for this differ-
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ence is that as the remote region’s productivity is improved, the marginal product of the re-
gion’s labor will be increased. As the equilibrium is disturbed, some people from the 
advanced region will migrate to the remote region. As the productivity of the remote region 
is lower than the advanced region, the net effect is that the national economy produces less 
as its remote region’s productivity is improved.  
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Figure 5. The Spatial Effects of Technological Change in the Remote Region 
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5. Conclusions 

This paper proposed a multi-region small-open economic growth model with capital 
accumulation and endogenous amenity under assumptions of profit maximization, utility 
maximization, and perfect competition. Different from, for instance, the Solow growth mod-
el and the Ramsey model, we used a utility function, which determines saving and 
consumption with utility optimization without leading to a higher dimensional dynamic sys-
tem like by the Ramsey approach. We showed how to solve the equilibrium problem. We 
also simulated the model with the Cobb-Douglas production functions and demonstrated the 
existence of a unique equilibrium point and examined effects of changes in some parame-
ters. Our comparative statics analysis provides some important insights. For instance, if 
technological progress occurs in the technologically advanced region, the national output 
rises; but if technological progress occurs in technologically less advanced region, the na-
tional output falls. This hints the possibility that if the central government improves a 
technologically less advanced region, the national output may fall. Technological progress 
may either improve or deteriorate the region’s trade balance. As we have provided the pro-
cedure for simulation and the model involves many functions and parameters, it is 
straightforward to examine how changes in two or more parameters at the same time can af-
fect the spatial economic structure. As the model is structurally general, it is possible to deal 
with various national as well as regional issues. Finally, we should mention that it is known 
that issues related to tax competition among regions has increasingly caused great interests 
in economic geography (for instance, Andersson and Forslid, 2003, Baldwin and Krugman, 
2004, Bayindir-Upmann and Ziad, 2005, Borck and Pflüger, 2006). We can extend the dy-
namic equilibrium framework proposed in this study to deal with these issues.  
 

Appendix: Proving Lemma 1 

The appendix proves Lemma 1. First, we note that ,jk jw  and ( )jj kf  are determined as functions of 

,*r  which is fixed in the international market. This study is only concerned with equilibrium as a genuine 

dynamic analysis is too complicated. At equilibrium, by equations (17) we have 
 

     ( ) ( ) .0, jjjjjj Las ≤≤= ωωω   (A1) 

At equilibrium, we have ( ) ( ),jjjj ym ωεω π=  where ( )./ *r+≡ µεεπ  From this equation and 

( ) ( ) ( ) ( ) ( ),jjjjjjjjjj mkasy ωωωωωλ +===  we have 

     ( ) ( ).jjjj ky ωωλ =                     (A2) 

Multiplying all the equations in (14) by ( )jjn ω  and then integrating the resulted equations from 0  to 

jL  with respect to ,jω  we obtain 

     ,,,, jjjhjhjjjj YSYKYMYC ληεξ π ====       

where we use ,µπ = ( ) hhjkhjhj krcR αδ /* +=  in equations (5) and 
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     ,*
k

h
h r δ

ηαη
+

≡   ( ) ( ) ,
0
∫≡

jL

jjjjjj dmnM ωωω   ( ) ( ) .
0
∫≡

jL

jjjjjj dynY ωωω  

From the definition of ( )jjy ω  and ( ) ( ),jjjj ky ωωλ =  we have 

     ( ) ( ) .0,00 jjjjcjjj Lrmrk ≤≤Γ−+= ωωµω                                                   (A3) 

From ( ),jjj ky ωλ =  we have 

     .
λ

j
j

K
Y =                                                                                                                                        (A4) 

From equations (14) and (5), we solve 
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From ( ) hjkhjhjh krcR δα += *
 in equations (5), jj ky =λ  and ,jhjhj ycR η=  we have 
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Multiplying all the equations in (A6) by ( )jjn ω  and then integrating the resulted equations from 0  to 

jL  with respect to ,jω  we obtain 

     ( ) .* λδ
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k
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Substituting equations (14) into ( )jjU ω  and then using ( ) ( ),0 jjj UU ω=  we have 
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where we also use .jj ky =λ  This equation shows how the land rent, residential density and travel time 

are interrelated in a given region. Substituting hh

hjhjhjhj LkAc βα=  into ( ) ,hjhhjhjk Rckr αδ =+  

we have 
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where we use equations (6). Substitute equation (A9) into equation (A8) 
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where we use equations (A6) and  
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Integrating equation (A10) with respect to jω  from 0  to ,jL  we obtain 

     ( ) ,,,1,0 JjNn jjj L== φ                         (A11) 

in which  
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As ( )jjk ω  and ( )jhjT ω  are explicitly defined as a function of location, we see that jφ  is independent 

of location. Substitute equation (A11) into equation (A10) 

     ( ) ( )
( )

( )
( ) .,,1,
00

0

Jj
T

T

k

k
Nn

hj

jhj

j

jj
jjjj

k

L=



























=

ββ
ωω

φω                    (A12) 

Hence, we determine the residential density distribution as a function of the region’s total population, wage 
rate, and transportation conditions. As the transportation conditions are exogenous, we now decide the 
population distributions among regions. Substituting equations (14) into the utility function, we have 
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Substituting equations (A6) into equations (A9), we have 
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Substitute λ/jj ky =  and the above equations into equations (A13) 
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Inserting ( ) jjj Nn φ=0  into equations (A14) and using ( ) ( ),00 1UU j =  we obtain 

     .,,2,
1

Jj
N

N
j

j
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From equations (A15) and (25), we solve the labor distribution as functions of per-capita wealth as follows 
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where .11 =φ 12 From ( ) ( ),jjjj ym ωεω π=  ( ) ( )jjjj ky ωωλ =  and (A3), we have 

                                                           
12 We can explicitly solve the labor distribution in this simple form because we assume that the housing pro-
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Substituting (A17) into (9) yields 
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Substituting (A12) into (A18) yields (26). As ( )jjk ω  and jN  are functions of ,m  equation (A19) 

contains a single variable. Hence, we proved lemma 1.  
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