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Abstract

We build an interregional monetary economic growth model with housing and environment for
an open econony in a perfectly competitive economy. The monetary aspects of the model are based on
the money-in-utility-function (MIU) approach. The real aspects of the model are influenced by the
three most well-known models in the growth theory and urban economics in a multi-regional context.
The industrial production follows the Solow model. Regional population distributes over the urban
area according to the Alonso model and regional housing production follows the Muth model. We ac-
cept a new approach to the microeconomic foundation for determining money holding, savings, spatial
location and consumption. Following the traditional literature of small open economies, we assume
that the rate of interest is fixed in international market. We explicitly solve the equilibrium of the mul-
ti-regional economy. We also simulate the model and examine effects of changesin the rate of interest,
the inflation policy, the preference, and amenity parameters on the long-term equilibrium structure of
the multiregional spatial economy.
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1. Introduction

The purpose of this study is to introduce moneyp i interregional growth model.
There is only a few studies with microeconomic fdation which explicitly deal with issues

related to interactions among regional economicetigpment, land and housing rents and

spatial environment. As systematically examinedZbgng (2009), forms of money and its
functions exhibit a great variety, depending om, ifstance, technology, economic devel-

opmental stages, institutional structures, and mattitude towards the future. Money does
not only provide services of the present but alsypthe role of a connector of the present

and the future. Many of the most intriguing and arigpnt questions in dynamic theory in-
volve money. Nevertheless, many of economic dynamadels omit monetary issues, by

explicitly or implicitly assuming that transactiona the economy'’s real side can be carried

out frictionlessly without money. Modern analysistbe long-term interaction of inflation
and capital formation begins with Tobin’s seminahtibution (Tobin, 1963) In Tobin’s

approach, a monetary economy has a real sectotlyekke that in the Solow growth mod-
el, so that the monetary nature of the model dep@mdhow money is introduced into the
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model. As a depositor of purchasing power moneybmheld by private agents as an alter-
native form of wealth to physical capital stockbiroshowed that an increase in the level of
the inflation rate will increase the capital stadkan economy. Sidrauski (1967) constructed
an economic model in which no real variable will &fected by the economy’s inflation
rate. We will address the issues by Tobin and 8&kiain the alternative framework. Our
approach is strongly influenced by the money-ititut{MIU) function approach which was
initially proposed by Patinkin (1965) and Sidraugk®67). In this approach, money is held
because it yields some services and the way to Initdddo enter real balances directly into
the utility function. This approach has been widapplied in monetary growth theory (for
instance, Brock, 1974; Turnovsky, 2000).

Different from the traditional monetary growth mdsjethis study is explicitly con-
cerned with interregional differences in the rollensoney on economic growth. There
should be close interactions among money, housitdieh and economic development. Lu-
cas (1988) points out the necessity of analyzifgpmirconfiguration and economic growth
as a connected whole. However, partial equilibrimmadels fail to explain interactions
among various economic activities over time andcepdVe try to integrate some well-
known models in a compact analytical framework. @pproach to economic growth is
strongly influenced by the neoclassical growth tigddThere is a large literature on durable
housing in spatial conte#tlt is important to develop analytical frameworks &xamining
spatial economic growth with money, housing, tramsgion systems, and environment.
Nevertheless, only a few economic models studyesselated to growth and residential
distribution, not to mention to include the role mbney in economic dynamics, within a
comprehensive framework. In particular, contempofarmal economic growth theory with
capital accumulation has almost neglected housiaikets. Over the past three decades, the
study of the economic growth with housing and ecoiscgeography has caused a lot of at-
tention in urban economics and regional scieén¥et, it is argued that urban economics still
needs an analytical framework for spatial evolutgm growth with capital accumulation.
Zhang (2008b) has proposed a model which synthedlimeneoclassical growth theory, the
Alonso residential location model and Muth housingdel. This study is an extension of
Zhang’'s model in that money is explicitly introddc® the spatial economy. This study de-
scribes dynamics of a small country economy witbneenic geography. There are many
economic models concerned with growth and capitebmulation of small open econo-
mies? Nevertheless, this analytical framework has nanbextended to spatial economics
with land use and housing market, except Zhangiemeinterregional monetary growth
model (Zhang, 2008a). This study is different frahang’s interregional monetary model in
that this study explicitly introduces spatial ecomo structure into the interregional econ-
omy. We see that this study is a synthesis of Zisapgepvious two models. This paper
differs from the previous studies mainly in thastmodel is concerned with an interregional

1 Most of the models in the neoclassical growthhace extensions and generalizations of the prorgewiorks of
Solow (1956). The Solow model is sometimes refea®tb the Solow-Swan model because Swan (1956pged a
model similar to the Solow model. The literaturdted neoclassical growth theory is referred to Brister and Do-
bell (1970).

2 gee, for instance, Muth (1973), Anas (1978, 198atkman and Pines (1980), Brueckner (1981), A(i887),
Brueckner and Pereira (1994), Arnott et al (19888id (2001), and Brito and Pereira (2002).

3 We refer on the literature surveys to HendersehTanisse (2004), Capello and Nijkamp (2004), andeksson
and Johansson (2007).

4 Refer to, for instance, Obstfeld and Rogoff (1999)ne (2001), Kollmann (2001, 2002), Benigno ared B
nigno (2003), and Gali and Monacelli (2005), fa titerature on economics of open economies.
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monetary economy with growth urban structure, whiile interregional model by Zhang
(2008a) is concerned with an economy without uritamcture and housing market and the
urban model by Zhang (2008b) is concerned with atiagpeconomy without regional di-
mension. The paper is organized as follows. SeQialefines the basic model. Section 3
demonstrates how to solve the equilibrium econastrigcture with the general production
functions and any number of regions and shows xisesmce of a unique equilibrium with
the Cobb-Douglas production function for a 3 regloeconomy. Section 4 studies the im-
pact of technological change upon the spatial dayitim. Section 5 demonstrates how
changes in the rate of interest, the preference tlam inflation policy affect the entire na-
tional economy. Section 6 concludes the study. Adpeproves the main results in Section
3.

2. The multi-region trade model with capital accumiation

In describing economic production, we follow theodassical trade framework. The
system consists of multiple regions, indexed jof 1, ..., J. It is assumed that the regions

produce a homogenous commodity. Regions trade beaaiudifferences in household be-
havior and productivity. We assume that the econasnyoo small to affect the world
interest rate. The households hold wealth and éarttireceive income from wages and in-
terest payments of wealth. Land is only for residénuse. Technologies of all the
production sectors are characterized of constdutrre to scale. All markets are perfectly
competitive and capital and labor are completelypifeobetween the sectors and capital is
perfectly mobile in interregional and internatiomabrkets. We neglect possible interna-
tional emigration or/and immigration. Most aspestgroduction sectors in our model are
similar to the neo-classical one-sector growth modeuseholds own assets of the econ-
omy and distribute their incomes to consume anct.s&voduction sectors or firms use
capital and labor. Commodities are traded withawtlgarriers such as transport costs or tar-
iffs.

The economy has two assets, domestic money aneldti@apital goods. The economy
consists of consumers, firms and the governmerd.fdteign price of traded goods is given
in the world market. The domestic residents mayl b assets, domestic money and capi-
tal. We neglect transport cost, customs, or angroossible impediments to trade. Let
prices be measured in terms of the commodity aadtlte of the commodity be unity. We

denote wage and interest ratesWy (t) and r;(t), respectively, in thej th region. The

interest rate is identical throughout the nati@inomy, i.e. [ (t) = r’ , Where r’ is the

rate of interest fixed in the international econoMie assume a homogenous population. A
person is free to choose his residential locatitie. assume that any person chooses the
same region where he works and lives. Each regianfired land. First, we describe pro-
duction behavior. We introduce

N O the given population of the economy;
Lj O the given (residential) area of regign

K(t) and K(t) O the capital stocks employed by and the total \weaft the national
economy at;
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Fj (t) 0 the output levels of region 's production sector at timg and

Kij (t) and N (t) O the levels of capital stocks and labor force eygdoby region | 's
production sector.

Behavior of producers

We use production functions to describe the phy$ars of a given technology. We
assume that there are only two productive factapital K;; (t) and laborN;, (t), at each

point of timet. The production functions are given by
FilKy ().N; (), §=2--,3,

where Fj are the output of regior). Assume Fj to be neoclassical. We have

ft)= 1l (), f,() Ff%) K; (t)

N—TMM-EE. 6

The functions, f;, have the following properties: (if (O) =0; (i) f; areincreas-
ing, strictly concave onR*, and C? on R**; fj'(kj)> 0 and fj"(k)< 0; and (iii)
lim, _o f(k;)= o andlim, _.., f;(k;)=0.

Markets are competitive; thus labor and capitaheheir marginal products, and firms

earn zero profits. The rate of interesf,, and wage ratesy, (t), are determined by mar-

kets. For any individual firmr* and W; (t) are given at each point of time. The production

sector chooses the two variablds, (t) and N; (t), to maximize its profit. The marginal
conditions are given by

r+o = fi(ki)’ w(t) = fi(kj)_ kifj(ki)’ )
where J, is the depreciation rate of physical capital. RAsis fixed, fromr” + o, = fj'

andw; = f; —k; fj' we obtain that bottk; (t) and W, (t) are functions ot " as

hz%GlMZ%G) S
We see thatkj and w; are invariant in time. It is straightforward to osh

dg [dr” =1/ fJ <0 and dg, Jdr = - @; <0. As the rate of interest rises, both
the capital densities and the wage rates fall.
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Behavior of consumers

The spatial aspects of this model follow the efuiilim theory of urban land market
pioneered by Alonso (1964). This approach has leséended in many directions. The ear-
lier important contributions are made by Muth (1p6®lills (1967), Beckmann (1969),
Solow (1973), and others. There are many contadbstin the literature in the last two dec-
ades. As an extension of Solow and Vickrey (197d Beckmann (1976), Ogawa and
Fujita (1980) introduced multiple types of inteians. Their model includes possible exis-
tence of multiple urban centers. Since then, taegemany works on polycentric citie#\s
the other aspects of our model are already conipticave will use a simple form of spatial
structure. In our dynamic model, we also assumedhaesidents in a region work in the
region’s CBD. People travel only between their herard the CBD. Travel is equally cost-
ly in terms of time or/and money in all directiosn individual may reside at only one
location. The only spatial characteristic of angdtion that directly matters is the distance
from the city center. The regional system is geplgieally linear and consists of two parts -
the CBD and the residential area. The geographgisnof a finite strip of land extending
from the CBD with constant unit width. We assumat titne production sectors are concen-
trated in the CBD. The households occupy the resialearea. We assume that the CBD is
located at the left-side end of the linear teryifas illustrated in Figure 1. As we will get
the same conclusions if we locate the CBD at theteceof the linear system, the specified
urban configuration will not affect our discussion.

residential area:

transportation, lot size
CBD consumption and saving

residential location

Iy
\J
>

—
A 4

Figure. 1 The Spatial Configuration of a Region

We now describe housing production and behavidrooeholds. First, we introduce
. a)j O the distance from the CBD to a location in thedestial area in regiorj ;

Rj (a)j , t) and th (a)j , t) O the land rent and housing rent per householdca- 10
tion w;;

Rj (a)j , t) and s; (a)j , t) O the wealth owned by and the saving made by the

household at Iocatiorjdj , respectively;

. Cj (a)j , t) O the consumption of the household at Iocat(dp;

5 See, for instance, Asami et al. (1990), and Papgg®i and Pines (1999).
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- N (a)j : t) and Ly (a)j , t) O the residential density and the lot size of thesedold
at Iocationa)j ; and

. Khj (t) O the capital stocks employed by the housing séstogion | .

We assume that all housing is residential houslingexplain space-dependent gradi-
ents for residential density and capital-land msatiduth introduces a commodity “housing”
rather than land in describing dwelling conditior®using is produced with land and non-

land inputs. Let us denolt%- (a)j ) t) housing service received by the household atilmeat

w;. We specify the housing service production funcasrfollows

Chi (a)j , t)= A ,ﬁj (a)j , t)thh (a)j , t), a,+5,=1 a,,5,20, @

where khj (a)j ) t) is the input level of capital per household aiakian @W; . Here, we as-

sume that housing capital can be instantaneouglisted. All the characteristics of houses
such as the size of a lot and the size of a hoasebe changed instantaneously without
costs. Hence the capital-land ratio is always p#fedjustec’. The marginal conditions for
the housing sectors are given by

Ryl they (e t)

Kiy (“’j : t)

, Rj(wj,t):ﬂﬁjﬁf(j‘ﬁ}“ﬂ“, 0sw <L, ©

r'+9, =

According to the definitions oLhJ- (a)j , t) and n; (a)j , t), we have

nj(wj,t):rm(jm, Osw <L. (6)

The total capital stocks employed by regi¢is housing sector is equal to the sum of
the capital stocks for housing over space at angtpaf time. The relationship between
Ky (a)j , t) and Ky, (t) is thus given by

L

]

0
We assume that agents have perfect foresight esbect to all future events and capi-

tal markets operate frictionless. The governmevieteno taxes. Money is introduced by
assuming that a central bank distributes at no twolte population a per capita amount of

fiat money M (t) > 0. The scheme according to which the money stockvegobver time

6 our approach is mainly based on Anas (1978), ¢lvengh the Anas housing production also includes th
labor input. Further issues related to the durghilf real estates and its costly conversion apthoements are al-
so discussed by Anas. See also Arnott (1980), Aetadl. (1999) and Glaeser and Gyourko (2005)rfooducing
more realistic aspects of housing market to thevtfranodel. A recent literature review is referredLin et al.
(2004).
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is deterministic and known to all agents. Wijth being the constant net growth rate of the

money stock,M (t) evolves over time accordingyl (t) = M (t), HM>0. At t the
government bringstdM (t) additional units of money per capita into circidatin order to
finance all government expenditures via seigniorage m(t) stand for the real value of
money per capita measured in units of the outpotdgthat is,m(t) =M (t)/ P(t). The

government expenditure in real terms per cam(ﬁ), is given by

r(t) = W =0 pm(t). ®)

The representative household receiwm(t) units of paper money from the govern-
ment through a “helicopter drop”, also consider@the¢ independent of his money holdings.
Let mi (a), t) stand for the real money holdings of the typicalisehold atce in region

J . According to the definitions om(t), m, (a), t) and n; (t), we have

(e, th (@, t)des, = Nm(t). ©)

Each worker may get income from land ownership,ltheawnership and wages. Let
kj (a)j ) t) stand for the per capita wealth (excluding langhed by the typical household

at Iocationa)j and Yi (t, a)) for the real physical wealth owned and real curiecome by
the representative household in regipn Then we have
ylw.t)=rk(w,t)+wt)+mt), 0swsL,.
We call Y the current income in the sense that it comes fitmmwvage, the earnings

from ownership of wealth, and the money distribatfoom the government. The real dis-
posable income of the representative householdgion |, 91 (t), is given as the sum of

the real current income and wealth in real terre§indd as follows
V(@ t)=y (@, t)+ e, t)- ntm (@, 1) (10
where aj (a)] , t) is the real total wealth in domestic currency wledi as
a,(w . t)=mw, 1)+ klw, 1)

It should be noted that the variablgj (t), in the definition of the current income is

considered as a flow variable, just like the incor‘yg(t). Under the assumption that selling
wealth can be conducted instantaneously without teauysaction cost, we may consider
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Izj (t) as the amount of the “income” that the consumeaiob at timet by selling all of

his wealth. Hence, at time the consumer has the total amount of income euglagwj (t)

to distribute among holding money, consuming andngg It should also be remarked that
in the growth literature, for instance, in the Selmodel, the saving is out of the current in-

come, Y, (t), while in this study the saving is out of the disglole income.

At each point of time, a consumer at Iocatimﬂ distributes the total available budget
among the leisure timeThJ- (a)j , t), housing,Chj (wj , t), saving, Sj (a)j , t), consump-
tion of industrial goodscj (a)j ) t). Here, we assume that the leisure is only depenafent

the residential location as the work time is fixaw equal for each household, in disregard
of residential location. After the work time is dted, the households decide the time distri-
bution between leisure and travel to work. As wsuage that the travel time from the CBD
to the residential location is only related to thistance and neglect any other effects such
on technological change, infrastructure improvemamid congestion on the travel time
form the CBD to the residential area, the leisimeet which is equal to the fixed total time

minus the travel time, is only related to locatiéet T, and Fj (a)j , t) respectively stand

for the total available time for travel and leisared the time spent on traveling between the
residence and CBD. We have

Thj(a)j't)zTO - rj(wj't)'
The budget constraint is given by
L+ )mle . )+ Ry(w they (@ 1)+ (@ 1) + 5w, 1) = 9, (e, 1) - Tle 1),
O<a <L, j=1-J. (11)

Equation (11) means that the consumption and saaxhgust the consumers’ dispos-
able personal income. Substitutiﬁlj‘j (a)] , t) =T, - Fj (a)] , t) and the definition of

Y, (t , a)]) into (11), we have
(”(t)"' r*)mi(wi ’t)"' ij(a’J ’t)chj(wi’t)+ Ci(wj ’t)"' SJ(C‘)i’t): 71(“’1’t)’(12)
where
Y (a)j ' t)E (1+ r*)Ej (a)j ' t) tw (t) + zam(t) - riC(wi ’ t)-

Location choice is closely related to the existeand quality of such physical envi-
ronmental attributes as open space and noise joollas well as social environmental

quality. We assume that utility level) (a), t), of the household at Iocatio@)j is depend-
ent onThj (a)j , t), mj (a)] , t), Chy (a)j , t), Sj (a)j , t), and C; (a)j , t) as follows

U@ t)=6 . 1)y (e el thef oyt (e )5t (@ 1), 0 60 &0, 20> 0. (13)
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in which 0, &, Eo, 1y, and /10 are a typical person’s elasticity of utility withgard to
leisure time, holding money, industrial goods, hiegsand saving aw,;. We call o,

&y, €.y, and A, propensities to use leisure time, to hold real eyorto consume
goods, to consume housing, and to hold wealthectisly.
Maximizing U i (a)j ) t) subject to the budget constraint (10) yields

)=, 1). mo, )= Tt g (o =Pl g0 )=o) 49

where

1
fo+£o+’70+/]o'

The above equations mean that the housing consamgtbnsumption of the good and
saving are positively proportional to the availaineome.

In this study, we incorporate amenity into the eaomsr location decision by assuming
that amenity is a function of residential dengif9istance from the CBD reflects two ele-
ments: the inconvenience of the distance and theevaf the amenity of the surrounding
area. This study considers that residential dessitiay have positive or negative agglom-

eration effects. We specify the amenity;, (a)j , t), atw; as follows

$=pPSy, E=PEy, NEPIy, A=Phy, P=

g (wi ' t) = 901”?(“)1 , t)' &; > 0. (15)

The function,Hj (a)j , t), implies that the amenity level at Iocati(mj is related to

the residential density at the locatfh.is assumed that all households obtain the dame

el of utility at any point of time. This also comest of our assumption that the population is
homogeneous and people can change their residet#ion freely without any transaction
costs and time deléyThe conditions that households get the same tevadility at any lo-
cation at each point of time is represented by

U,—(wl,t)=Um(a)m,t), j,m=1--J, 0swy<L, 0@, <L, (16

7 This study does not take account of externalfidegproducers. For instance, firms often prefetoate to
other firms. An explicit introduction of externadis will make the spatial structure far more cocgtied. In the lit-
erature of urban economics, various externaliti@gehbeen analyzed (see, Henderson, 1974, Uptord, 198l
Abdel-Rahman, 2004).

8 This specified form is a limited case. Locatioaaienities or disamenities are not only affectedheyresi-
dential density at the location. For instance, fidsssocial contacts of any individual are spreadrahe whole
space. Air pollution is not limited to locals.

9N reality, to change housing location costs. éliph the condition of utility equalization is oftesed in the litera-
ture of urban economics, the assumption of utdiyalization is rarely used in the literature afremmic dynamics as
the temporary equilibrium condition of populatiastdbution.
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According to the definition oij (a)j ,t), the capital accumulation for the household

at Iocationa)j is given by

alw . t)=s(w. t)-alw,t), 0w <L, (17

Regional population and capital

A region’s population is distributed over the whalban area. Region'S population
constraint is given by

LJ
0
The above equation also implies that each regilatier force is fully employed. Re-
gion j's consumption,CJ- (t), is given by

L

[e; (@, t)n; (e, , t)des =, (1), (19)

0
Region |'S saving is given by
Li
[s; (@, t)n;w, , t)deo, =S, (t): (20)

0
The total capital stock employed by regign is the sum of the capital stocks em-

ployed by regionj's industrial and housing sectors

Ki; (£) + Ky (t) = K; ¢). (21)

The total wealth owned by regioji S households is given by
L
0

National population and capital

The total capital stocks employed by the economggisal to the sum of the capital
stocks employed by the capital stocks employedlidtharegions. That is

J

K(0)=3K,0) = X{K) )+ Ky ). @

j =1
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The total wealth of the national economy is the safnthe wealth owned by all the
households

K(t)= YK, ) @

We introduceB(t) as the value of the economy’s net foreign assets @ihe income
from the net foreign assetE(t), which may be either positive, zero, or negatigegqual

to r*B(t). The assumption that the national labor force liy fmployed is represented by

>N, (t)=N. (25)

We now explain trade balance in the model. Accardim the definitions of the na-
tional wealth, the capital stocks employed by tbenemy and the net foreign assets, we
have

K(t) = K(t) + B(t).

We have thus built the multi-regional model of aainopen economy with multiple
regions and capital accumulation.

3. Spatial Equilibrium and Existence of Equilibrium by Simulation

The previous section develops a general modeleoh#tional economy with multiple
regions and residential distribution. The modestizicturally general in the sense that by
adding some assumptions, the model can be applidddcribe national as well as interna-
tional economies. For instance, if we allow all thgions have the identical conditions and
neglect the role of money and housing, then theaibecomes the one-sector growth mod-
el of national economy. Although the behavioral hadsm of consumers of our model is
different from the Solow model, the model with fidentical regions and without money
and housing sector is mathematically identical g Solow model — it has a unique stable
equilibrium. It can be seen that the national masligh housing and without money is a
two-sector growth model. If we don't allow peoptelie interregionally mobile and neglect
the role of money, then our model is mathematicalgntical with the Oniki-Uzawa trade
model with constant saving rates. It should be chdtbat the Oniki-Uzawa trade model and
most of its extensions are limited to two natioeebnomies and our analytical results are
valid for any number of regions. The residentiatddution in our model is according to the
standard Alonso model and the housing sector isénted by Muth’s housing model. Al-
though our model is structurally general, it is ortant to know whether it is analytically
tractable. In this paper we are concerned withldygjiuim, because a genuine dynamic anal-
ysis is too complicated. We now show how to findiBlorium in our model. The following
lemma, which provides a procedure for determinimg ¢quilibrium values of all the vari-
ables, is proved in Appendix Al.
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Lemma 1l

For given rate of interest’,* , kj and Wi, j =1 2,---,J, are determined by eg-
uations (2). The real money per capiff, is determined by the following equation

S0 g e ) o | =2 -, @

us

k(w)=r +gm-rr (@) osw <L, 27)

inwhich A =A = &,, [, S0W,, [y =, andT, =12 -1-r"), and the Ia-

bordistribution,N are functions ok ( ) determined as follows

where@ =1 and

7 Eﬂ[ﬁi’fjﬁ”"( )8, T, (0 W"] e,
8 | K7 08, T A
The equilibrium values of all the other variables given by the following procedure:
£ by @~ F = N - Ky =k N = kileoy) by @)~ ¥, (a)) = Kleoy )1 2 -
n;(w; ) by (A11) and (A12)- Ly (@) =2/n;(w; ) - K, = joLj K (e )n(w )da -
Y, by (A4)~ k(@) by (A6) > Ky by (A7)~ K, = K;; + Ky — Ry (@) by (a9)
- Rilw;) by ©)- ¢le). m(w), o lw )a”ds (w; ) by .

For illustration, we will follow the procedure givén Lemma 1 to solve the equilib-
rium values of the system. In the remainder of thisdy, we are concerned with an
economy with 3 region¥ We specify the production functions as follows

Fit)= AKTONA(), o+ 8,=1 a;,8,>0, =123,

where A is region j 's productivity. From f; = A, kfl , and equations (2), we have

10 As the procedure in Lemma 1 is valid for any nundfeegions, one can similarly examine the behaanthe
system with any number of regions.
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16 _ -
kf( alplj k=g k)=[ BT o

I’ +9,
By equations (3), we have
@i = AL (), 9 =alkk + ABd (k) =123 @8
in which we usegg,, (k) = k, andg (k) = a, AT + 5 andd =1-4,.

We specify the travel time and cost functions dleves
Mw)=viw, 0sw <L, T4lw)=vyw, 0sw <L (9

The inverse of the parametey, , is the travel speed in regiop. Hence, a decrease
in the value ofl/j is interpreted as an improvement in regi¢rs transportation system.
The parameterV; , is the travel cost per unit of distance in regipn The transportation

systems in this study are measured by the paramezt?rand Vg - Following Lemmal,
we can determine equilibrium of the system with pheameter values specified as follows
r'=006, N=10, T,=1, 4=003, § =005 a,=03, a,=04, g=-01, 0=02,
& = 003, 7, = 008, & =014, A, = 074,

AY (11) (A,) (08) (6, (42) (v,) (002) (v,) (007) (L 0
A |=|108| | A, |=| 07| |8, |=| 42| |v,|=| 008| |v, |=| 00s|, | L, |=|4|,G)
A, 1) \A,) \07) \a,) (44) \v,) \004) v, l005) (L) (3

The rate of interest is fixed & percent in the international market. Regibmas the
highest level of productivity. Regio’s level of productivity is the second, next to ity
1's. We term regioril as the advanced region, regi@nthe middle region, and regiod
the remote region. Although the specified values ot based on empirical observations,
the choice does not seem to be unrealistic. Faameg, some empirical studies on the US
economy demonstrate that the value of the paramatein the Cobb-Douglas production

© ©

is approximately equal td.3 (for instance, Abel and Bernanke, 1998). With rdga the
technological parameters, what are important in iaterregional study are their relative
values. The presumed productivity differences antbiegregions are not very large. This is
similarly true for the specified differences in thmenity parameters among regions. Region
1's land area is smaller than regia?is and region3S land area is equal to that of region

1. The amenity parameters of the three regions analeRegion1s amenity parameter is
the same as regior2's and region 3S amenity parameter is highest. The three regions
have different transportation conditions. prefeeespecification implies that the consumer
spends abou8 per cent of the available income on housing aralgh7 percent on the
other expenditures.
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Following Lemma 1, we determine the equilibriumuesd of the variables. From equa-
tion (26), we determine the value of the real morieéys further demonstrated that the
equation has a unique solution.

3,
ol Eq. (26)
| | | | m
05 06 O 08 09
2,

Following Lemma 1, we solve the other variables bstdthe simulation results for the
location-independent variables as in (31)
F =18713 F =17.066, F, =1.647, K =52531 K =8.370, E=-2650, m=0.686,
K, 4904\ (f, 1762\ (w, 1233) (N, 6423\ (F 11.314
k, |=| 4495|, | f,|=|1648|, |w, |=|1154|, | N, |=|2284|, |F,|=| 3765,
f N,

2

k,) (4193 |f,) (1537 \w,) (1076 1.293) (F,) | 1987
F,) (1097) (K,) (30856 (K,) (5575) (K,) (34843 (M,) (4569
F.,|=|0358|, | K, |=|10268|, | K, |=|1822| | K, |=|11571], {Mz -| 1.403], @D
F.) (0192) |K,) |5420) (K,) |0974) \K,) (6117) (M,) (0798

inwhich E = 1" (K = K) and

L

3 3 3 L i
FEZ(FJ +th)’ F=XF., R=XF Fy EJ.RhiChinidwi’ M; Ej.minidwi’
j=1 j=1 i=1 0 0

The variable,E, measures trade balance of the national econonty. ¥ (<) 0, the
country is said to be in trade surplus (deficit);E = O, the country is said to be in trade

balance. We don't represerEj (which are the regions’ trade balances and arengby

r*(Kj - KJ-)). The national domestic produck , is equal to the sum of the national

output levels of the industrial and housing sectdrall the regionsf and F,.

We see that the capital intensity, per capita dueel, and wage rate in the advanced
region are higher than the corresponding variaisle¢be middle region; these variables in
the middle region are higher than the correspondaréables in the remote region. Most of
the population and national product are concerdrate¢he advanced region. The advanced
region attracts almob4 of the national population. The national econominitrade defi-
cit. The level of the capital stocks employed by #zonomy is much higher than the wealth
owned by the economy. The advanced region prodmees industrial and housing outputs
than the other two regions and it employs moretahptocks than the other two regions.
The location-dependent variables are plotted inufgi2. From the figure, we see that the
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residential density, consumption level of industgaods, the land rent and housing rent
each region fall in distance. Although workers eann higher wages in the advanced region
than in the remote region, they pay much highet f@mhousing than the households in the
remote region. Expectably, the typical householdhie advanced region consumes more
goods and lives in a smaller house than the typicasehold in the remote region. As

Anc, C \&;
- —”; “) R (o)) -2
we see tha’s ( and th( )Chj( ) vary in distance proportionally tG; (a) ) at any

Si (CU,-

location. Hence, we do not presesﬁt( ) and F\’hj( )Ch ( ) The variables for each re-
gion change in the same way as the region’s consomigvel of the industrial goods.

0. " "‘C"ﬂ 1 —Z‘CI
(a) m,.6,. c, inregion 1 b)n,. 8,.c,, inregion 2 (c)m,;.8;.c,; inregion 3
1 T H—
: 0T E 3
16 bor
i 05t
14 4 b 04E
13 . L I, . - . I, - . . - I_ : ,
05 10 15 261 12 73 P Tosio1sz02530%
(d) Eh ¢, . 7, in region 1 (e) E1 ¢,. i1, in region 2 (f) Es . €3. M5 in region 3
4 b
3
3 H—-EJ’EHW
s 2 D @y
20 @ 9, OS5 TUt52:6-2530

(g)k,. R .R;inregionl (h)k,.R,. R, inregion2 (1) k;.R;. R,; inregion 3

Figure 2. Regional Residential Distribution, Consumtion and Rents over Space

4. The Inflation Policy and Regional TechnologicaChanges

This section examines impact of changes in thatiofh policy and regional technol-
ogy on the national economy and regional economnictires. As the system has a unique
equilibrium, we can examine the shift of equilibmiypoint as a parameter is changed. Mod-
ern analysis of the long-term interaction of inflat and capital formation begins with
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Tobin’s seminal contribution (Tobin, 1965).In Tobin's approach, a monetary economy
has a real sector exactly like that in the Soloamgh model, so that the monetary nature of
the model depends on how money is introduced montodel. As a depositor of purchas-
ing power money can be held by private agents adtamative form of wealth to physical
capital stock. Tobin showed that an increase irdhel of the inflation rate will increase the
capital stock of an economy. As our model is irggional, we can analyze regional effects
of the inflation policy.
First, we examine the case that all the paramegacspt the inflation policyl/, are

the same as in (30). We increage from 003 to 005. The simulation results are sum-
marized in (32), in which a variabIEXj stand for the change rate of the equilibrium value
of the variable X; in percentage due to the change in the parametiere virom [,

(= 003 in this case) toiy (= 005). That is

Ny = X; (lul) = X; (:Uo)
BT N )

%100,

J

where X; (,u) stands for the equilibrium value of variable with the parameter valug.

We will use the symbo/A with the same meaning when we analyze other paeasiéNVe
see that as the inflation rate is increased, thiema output and capital stocks are increased.
This is similar to what the Tobin model predicteeVidrtheless, as our production system
consists of two sectors, the impact on the indaiss@ctor is negative but on the housing
output is positive. As it is more expensive to hoidney, per capita real money is reduced.
As the economy is open and the wage rates andatdptensities are determined by
technology and the globally fixed rate of interébg change in the inflation has no impact
on the wage rates and the capital intensities.athvanced region becomes less attractive as
the inflation rate becomes higher. The populatiérthe advanced region falls and the
population levels of the other two regions rise.eTthange directions in the regional
industrial output levels and capital stocks emptbipg the industrial sectors have the same
change rates as the regional population.

4 :003= 005= AF =120, AF, =- 005, AF, =1402, AK =156, AK = 3104,
AE = - 403, Am= - 669,

Ak (Bf,) (Bw) (0) (BN,) (BF) (BK,) (-066

bk, |=|Bf, [=|Bw, |=|0]|, | BN, |=|BF, |=|BK, |=| 070 |,

a) (&) \aw) lo) \an,) |2 |ak,] | 200

AK,) (3020) (BK,) (094) (BF,) (1331} (AM,) (-729

AK, |=|3208|, | BK, |=| 231|, | &F,, |=|1495|, |BM, |=|-592|. (32
AKJ 3388) |AK,| |366) |BF,) (1652) (BM,) |- 467

11 see also McCallum (1983) and Walsh (2003) for gdrdiscussions on money.
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Equation (32) shows the changes of the locatioepeddent variables. The effects on
the location-dependent variables are given in Ei@urWe see that the amenities are slightly
affected. The consumption levels of goods and Imgusire increased. Land and housing
rents are also increased.
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Figure 3. The Spatial Effects of the Inflation Policy

We now increase the productivity levefy, from 1.1 to 1.15. The simulation re-
sults are summarized in (33) and Figure 4. As tbeaaced region’s productivity is
improved, the national output leveF, , and total capitalK , the national industrial output
level, Fi , and the national housing output IevElh , are increased. The national wealth is
increased and the trade balance is improved. Thegmita output level and capital intensity
of the advanced regionf1 and K, , are increased; the per capita output levels apidata

intensities of the other two regionsf,j and kj , ] =2, 3, are not affected. The labor

force and output levels of the two sectors in ttheamced regionN,, F and F,, are in-

creased; the corresponding variables of the otlverregions are reduced. The per capita
wealth, per capita consumption level and real mdmaging of any consumer in the three
region are increased. As the advanced region iaeseits productivity, as shown in Figure
4, the land and housing rents in the advanced megse and the rents in the other two re-
gions fall. The residential density in the advancedion rises and per capita housing
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consumption level falls; the residential densitieshe two other regions fall and per capita
housing consumption levels rise.

AF = 787, ZFi = 781, ZFh =AK = 844, AK = 788, AE = 778, Am= 844,

Dk, Af, Aw, 656 AN, 3423 AF, N 4303

Ak, Af, |=|Aw, [=| O |, | AN, |=|-6149|, |AF, |=|AK, |=|-6149],

Ak, | \Af, ) | Aw, 0 ) (BN,) (-6141) (BF,) |BAK,| (-6141

AF AK, AK AM 4346
il k! ! ! 33)

AR, |=| DK, |=| DK, |=| AM, |=| -6143]|.
AF, ) |BK,) |BK,) (AM,| (-6135
A0 ¢ 80 ¢ 80 ¢
- 60 F Ac 60 F -
30 B An, 40 F g A0F  — ACys
?8 3 20 F 20E A6,
o —— e g
B (b1 2 384 E 051015202530
110 05 10 15 20 |85} = | 60 An,
Ac,, AT,
(@ Enn 3191 Ecm (© Enss 393: EckS
74t AW —AE —A L
1 1 015 F e ey
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Figure 4. The Spatial Effects of Technological Change the Advanced Region

We now allow the remote region’s productivity to inereased, with all the other pa-
rameter values fixed. We increagg from 1 to 1.02. As the remote region’s productivity
is improved, the national output levdf,, and total capitalK , the national industrial out-
put level, F;, and the national housing output levél, , are all reduced. The effects of the

remote region’s technological improvement on thiéomal economy are different from the
effects of the advanced region’s technological mrpment. The mechanism for this differ-
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ence is that as the remote region’s productivityngroved, the marginal product of the re-
gion’s labor will be increased. As the equilibrium disturbed, some people from the
advanced region will migrate to the remote regidsthe productivity of the remote region
is lower than the advanced region, the net effetihat the national economy produces less
as its remote region’s productivity is improved.

AF = AF, = AF, = AK = AK = AE = Am=-034,
An, = A6, =Ac, = Ak, = Ak, =Ac, =AM, =AR, =AR =0, j=1,2,

Ak (Bf)) (Dw, 0 AN, (-881) (AF) (BK,) (-881

Ak, |=|Af, |=|Aw, [=| O |, | AN, |=|-881|, |AF, |=|AK, |=|-881]|,
Ak,) |\Af,) |\Aw,) |287) |AN,) |5934) (AR, ) |AK,) (6391

AF,) (BK,) (BM,) (-8814) (BAK,) (-8809

AF, |=|BK, |=|AM, |=| -8822|, | AK, |=| -8817|, (36)

AF,) |BK,) (Am,) (64031) |AK,| |63924
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Figure 5. The Spatial Effects of Technological Change the Remote Region
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5. Conclusions

This paper proposed a multi-region small-open epspogrowth model with capital
accumulation and endogenous amenity under assumsptib profit maximization, utility
maximization, and perfect competition. Differerdrfr, for instance, the Solow growth mod-
el and the Ramsey model, we used a utility functimmich determines saving and
consumption with utility optimization without leadj to a higher dimensional dynamic sys-
tem like by the Ramsey approach. We showed hovoltee ghe equilibrium problem. We
also simulated the model with the Cobb-Douglas petidn functions and demonstrated the
existence of a unique equilibrium point and examieffects of changes in some parame-
ters. Our comparative statics analysis providesesamportant insights. For instance, if
technological progress occurs in the technologicatlvanced region, the national output
rises; but if technological progress occurs in textbgically less advanced region, the na-
tional output falls. This hints the possibility thé the central government improves a
technologically less advanced region, the natian#put may fall. Technological progress
may either improve or deteriorate the region’s érbadlance. As we have provided the pro-
cedure for simulation and the model involves mamoycfions and parameters, it is
straightforward to examine how changes in two oreygarameters at the same time can af-
fect the spatial economic structure. As the maoslstiucturally general, it is possible to deal
with various national as well as regional issuésalfy, we should mention that it is known
that issues related to tax competition among reghmas increasingly caused great interests
in economic geography (for instance, Anderssonfkomdlid, 2003, Baldwin and Krugman,
2004, Bayindir-Upmann and Ziad, 2005, Borck andigdk, 2006). We can extend the dy-
namic equilibrium framework proposed in this studyleal with these issues.

Appendix: Proving Lemma 1
The appendix proves Lemma 1. First, we note k11a1 WJ- and f i (k i ) are determined as functions of

I' , which is fixed in the international market. Thisdy is only concerned with equilibrium as a gesuin
dynamic analysis is too complicated. At equilibriuoy equations (17) we have

sj(cq.):aj(a)j), Osw <1L,. (A1)
At equilibrium, we havel’_ﬂj (a)] ) =&, )_/j (a)] ), where €, = 5/(,u + I’*). From this equation and
ij(wj):sj(f)j):aj(wj):lzj(wj) m (@), we have

23, (@)=k (@) w2
Multiplying all the equations in (14) bylj (a)J ) and then integrating the resulted equations ffdnto

Lj with respect to; , we obtain
o =EY]-, M, =¢,Y,, Khj =Y, S =/]Y]-,

where we usg? = U, R,¢, = (I‘* + 0, )khJ | @, in equations (5) and
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n, = rﬁ_:’?é_k, M, = J'nj(a)jhj(c%)dc%, Y = J-nj(wj)yj(wj)da)j.
0 0
From the definition ofy (wj) and /T)_/ (a)] ) = RJ( ]
0

lzJ'(a)i)zri +:uOm_r0rjc(a)j)' Y2 i A3)

From /Ty] = Ri (a)J ), we have
_ K
Vi =5

From equations (14) and (5), we solve

R-(w-):'gh‘”y(&))ﬁ O<w <L.. (A5)
A\d L () i =
hj J B
From a, R, ¢, = (I’* + O_k)khj in equations (5)/Tyj =k; andR,C,; =77y;, we have
_ ayik ()
khl(a)l)_ r*+J5kJ_'

(A4)

(A6)

Multiplying all the equations in (A6) byl i (a)] ) and then integrating the resulted equations fldno
Lj with respect to; , we obtain
_ .4 h’7K i
L ()

Substituting equations (14) intd ]- (a)] ) and then usindJ J- (0) =U J- (a)j ), we have

%@»{m@qum@ququmijﬂ,nlm&

(A7)

Ry (O) n; (O) K, (O) Ty (O)
where we also uszT )_/j = kj . This equation shows how the land rent, residedénbity and travel time
. . . . o _ a B, . —
are interrelated in a given region. Substitutgg = Ay ky" Liy into (r + 5k)khj =a,GR,;,
we have
I’ +9,
)= 5 ), =
a, A,
h™

where we use equations (6). Substitute equatiohi(®® equation (A8)

where we use equations (A6) and
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1 p-n,B, o
B = —° By = 7
< o5, — ° ”Oﬂh -

Integrating equation (A10) with respectm from O to L , We obtain
j(O)zijj, j=1,--,3, (A11)
in which
i B
kf ()T (0)

j kA (e, )T (0 )deo,

As k ( ) andThJ ( ) are explicitly defined as a function of locatiore see thafp is independent

of location. Substitute equation (A11) into equai{s10)
= 5 B
(@)=gN o) (Tlw)” 1,3
n.a).:w. . — ,J:’..., i
j ]
k(0) ) | T,(0)
Hence, we determine the residential density digioh as a function of the region’s total populafiwage

rate, and transportation conditions. As the trartafion conditions are exogenous, we now decide the
population distributions among regions. Substituéguations (14) into the utility function, we have

U j (a)J ) = 001 E{O (ﬁ)ﬁ) ,7,70/]% yl/ ’ %()ai) o
i \"]

(A12)

Substituting equations (A6) into equations (A9), vexe

s afrelabee)
hhA 15 Ahj '
Substitutey]- = Rj / /T and the above equations into equations (A13)
8. '7_0{50 10 =Bnllo an']o/T/]o’llp*ﬂh'Zo f ) _ ,
ol . n(r* + 5?)1"“”0 (,ufr*] e ) e 0 )
Inserting N, (O) = @ N, into equations (A14) and usird | (O) = Ul(O), we obtain

Ry (a)j

= i =
—=@, ]=2,---,J. (A15)
]
Nl
From equations (A15) and (25), we solve the lalsiridution as functions of per-capita wealth dbes
@ N .
N_:J—, j:1,"-, J, (A16)

DI

where ] = 112Fromm( ) e‘y]( ) )_/J( )=|Z( )and(A3)wehave

12 we can explicitly solve the labor distributiontinis simple form because we assume that the hogsmg
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m, (a)j):%[rj + M=, ch(a)j)], O<sw <L,. (A17)

Substituting (A17) into (9) yields

J gt T
2NN R
= -

)|
i= i=lo Vg

Tl ()aa =2~ 4 nm

Substituting (A12) into (A18) yields (26). AE]- (a)J) and N]- are functions oflll, equation (A19)
contains a single variable. Hence, we proved lethma
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